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5 1-8 50=20(mod 15),(10,15) =5, 5=2(mod 3).

1L . ac=bc(mod m).(c.m)=1,0M a=b(mod m) .

EIE 1-9: 7 ab.cdom BB, H m=>0.a=b(mod m) sc=d(mod m) , | Da+c=
b+d(mod m); @ a—c=b—d(mod m); Qac=bd(mod m) .

iE M a=b(mod m) .c=d(mod m) i m|(a—0b) \m| (c—d) AFAERELL h F &, (1715
a—b=hm.c—d=km,

D ate)—b—d)=C(a—b)+(c—d)=(h+E)m.- i at+c=b+d(mod m) .

@D (a—c)—b—d)=(a—b)—(c—d)=(h—F)m. i a—c=b—d(mod m) .

@ ac—bd=ac—bct+bc—cd=(a—b)c— (c—d)b=chm—+bkm= (ch+bk)m . ac=
bd (mod m) ,

EIE 1-10: a.b.kom BEZEE .M H £>0.m>0.a=b(mod m) , M| a*=b* (mod m) .

iE N a=b(mod m), i m|(a—0b),a* —b*=Ca—b) ("' +a*" 2o+ +abt*+
b* )L m| (a* —0") , Bl a* =b" (mod m) .

Bl 1-9 KRR TIE 4x=11(mod 13).

A B 45 R oK 47 (mod 13) W HI2K 4y=1(mod 13), AMEHH y=(—3).,4(—3) =
—12=1(mod 13), H(—3) & 4x=11(mod 13) [F] 475 & M 35 15

xr=(—3) X11(mod 13)

x=—33(mod 13)H} x=6(mod 13).,

5 1-10 a= (a,a,, . ajas)1o 0= Cbb, 1 +biby)os A1 ab= ;1 *** c1Co )10 »
ik

[

(Zah(mod Q)J(Ebk(mod 9)) = > ¢;(mod 9)
Ch=0 . E=0

j=0

10=1(mod 9).10°=1(mod 9) .**+.10"=1(mod 9) , T/
(ApQm-1**rai1ao )0 =, * 10™ +a,— 10™1 + et a; ¢ 10+ ay



# 17 b -+ 9 -

=a, t ap1 +** +a +a,(mod 9)
EBLIF
(b, » 10" 4+ b,y « 10"+ oo 40, « 10+ by) = b, + b,y + *»+ b, + b, (mod 9)
a*b=c=c¢ 10+ « 107 v+, e 10+ co =c¢;, + ¢+ +¢; +¢co(mod 9)
it )

l

[Zai(mod 9)) : (Zz;_,.(mod 9)) = > ¢;(mod 9)
i=0 | j=0 |

XS 245 3 n Ok 56 Tk e vk ) TE A 1 L 2R A T L T TR AN H AR R R L A L AR
e kot B 2 H R L i A 2 A S DR AH S AR R 2 AR R AY L — Mt LA S5 ST AE SR A iy
A 7R )
Bl 1-11  F|H 564 X 353, 550k A 45 5 00 6 14
564
X 353
1692
2820

+ 1692
199092

5+6+4=1+5=6(mod9)
3+5+3=6+5=11=2(mod 9)
1+9+9+0+9+ 2= 3(mod 9)
6 X2 =12= 3(mod 9)

O e A 5

e ik A A AN W Z 725 T 9 X AP AR L IR F] 9 LR AR /N

FBIE 1-11: 2 a=b(mod m,) s (i=1,2, k) H T a . bomycmy o om, BB M
H omy wmy oo omy, B KT 0 BYEEL ) a=b(mod [ m, ymy svorsmy; ) .

W BHEEE m, | (a—0) G=1.20vm) i Cmysmysam) | Ca—b). Ll a=
b(mod [ my smy s smy |) o A7 m; e W H R B EEE N a=b(mod my smig s+ smy) o

EE 1-12: #(a.n)=1.M ax=b(mod m) B — i, i a.b.m #F & 2L, M B
m—=0,

iE HW(a.m)=1.8 0a.a.2a.*.(n—1)a +& mod m W 5CEF KR, DIFTEREE h,
P At 1=ha+kEn,B) ha=1(mod n) .,

H h FmE T ar=0b(mod n) .15

har = hb(mod n) ha = 1(mod n)

W3 x=hb(mod n) .

I 1-13: (a.n)=d>1.d/b W ax=b(mod n) A fi%.

iE HAHM 2 Far=b(mod n).dla.d|n. TEH 0x=b(mod n) ,iX5 d /b W& EH
i

fr A ax=b(mod n),(a.n)=d.d/b B T .



e =2

il

e 10 s

EE 1-14: 77 (a.n)=d>1.d |6 N ax=b(mod ) d M.

i % a—da, .b—ab, n—=dn,. T2EH daxr=db, (mod dn,) . B} a;x=b, (mod n,) .
(a;smy) =18 a,2=b, (mod n,) ) A, & x=E.x=E(mod n,) . 0=<E<n, — 1,0 g, 2=
by (mod WA d 1. E.6+tn, 6+ 2n, 6+ (d—Dn,y,

1.7 H[EF 5 E R

BAE TG PRGN FRE"GILEZ S A YA, = =02 ® = Az
=, E-ER R L U B E =7, S8 A ik s R A  FH BLE RY U7 SR IR
B RE IR A7 [Rl A 7 FE 4

(x = 2(mod 3)
{ax = 3(mod 5)
= 2(mod 7)

K .
Fir AR SK i [R] 2 7 R 44
FI' = a, (mOd H’Il)

r = a, (mod m,)

= a; (mod m;)
1, my g e mkWﬂﬁﬁ%ﬁ}kﬁ%ﬂ@ﬁ%ﬁ%%tﬁEI%J%?EIED I mod mym, -
my s b ZCA ME— i Uk B Y o R 0 A2 25 o i Y ok R

’%\'M:?Hlfﬂg N M _—(le 2 s ;k)*ijjEI(de ?’??j)(jzlgzs”'&k)q

n ;

(M om;) =1, I LAAFAE M o fft M 'M; =1(mod m;) o (M am;) =1, J0F LIAFTE

h Mk PIDREE AT AM, +km;=1.hM;=1(mod m;) +h H2& M;"' (mod m;). WLk y,=
M; ' (mod m;) (j=1.2,.k) .

/?,,_\,

x = Myyia, + Myy,a; + =+ + Myy,as
AMEESUE 2=a; (mod m;) (i=1,2,+ k),
HERETAW M, Bf j—i M8 & AE m, WIREL T A Miy.a,=0(mod m;) .M,y,a;
a; (mod m;) ,

Bl 1-12 SRR T =

(r = 2(mod 3)
s = 3(mod 5)
r = 2(mod 7)
f#: 35y;=1(mod 3) 2ly,=1(mod 5) 15y;=1(mod 7) M=3 5+ 7=105,
105 105 105

Mlz—k:?)EJgMz _2]_ M3 ].5
3 d 7
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35yi=1(mod 3) y,=35 '(mod 3)
35=3X11+2 3=2+1
1=3—2=3—(35—11X3)=12X3—35

Fr L
yi =35"'"(mod 3) =—1=2
21y, = 1(mod 5) vy, = 217" (mod 5)
21l =4 X5+1 1=21—4X5 y,=21"(mod5) =1
15y; = 1(mod 7) y; = 15" (mod 7)
15=2X7+1 1=15—2X7 y,=15"(mod7) =1
=35 X2X2+21 X1 X3+15X1X2 =233=23(mod 105)

Bl 1-13 Rt T

(x = 1(mod 5)
x = 5(mod 6)
|+ = 4(mod 7)
. = 10(mod 11)

fig. M=5X6X7X11=2310

—20 462, M=20—385, M, =220-330, M, =ZC=210

462y;=1(mod 5), 385y,=1(mod 6), 330y;=1(mod 7), 210y,=1(mod 11)
462=92X5+2, 2=462—92X5

5=2X2+1, 1=5—2X2=5—2X(462—92X5)=93X5—2X462
v1=462""(mod 5)=—2=3(mod 5)

385=64 X6+1, 1=385—64X6, y,=385 "(mod 6)=1

330=47 X741, 1=330—47X7, y;=330""(mod 7)=1
210=19X11+1, 1=210—19X11, v,=210"'(mod 11)=1
x=3X462+385X5+330X4-+210X10 =6731=2111(mod 2310)

M,

1.8 Gauss B %

k

HI‘EHf(mOd ?If}(i:152a'“ &}%) o1y o+ N> *,-"'e??kw{l-ﬁﬁ%%& n — ]i[??j . IJ_J-IJ

i=1

!
-

a;N;M;(mod n)

i=1

A, N, ="M, = N7 (mod )

n;

B 1-14  SKf H A

(x = 2(mod 3)
x = 3(mod 5)

lxr = 2(mod 7)

e
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105

ﬁqj: ?’I]:3\?’32:5\?13:71??:105;Nl: :35\1\[2:21\}\(3:150 M;:J\T;_I(m()d ?If)’!‘

M, =35"*(mod 3).
ff. 35=11X3+2 3=2+1
1=3—2=3—(35—11X3)=12X3—35
M, =35""'(mod 3)=—1=2
M,=21"(mod 5)
21=4X54+1 1=21—4X5 21 '(mod 5)=1=M,
M,=15""'(mod 7)
15=2X7+1 1=15—2X7 15 '(mod 7)=1
M, =15""(mod 7) =1
T=2X35X24+3X21X1+2X15X1=140+63+30=233=23(mod 105)

1.9 HHEZHHEMH Z—. Kaiser % 85

T LR R R R S T MR G T AR EAL S B E R, R m &£ad
AR S E,Gn) XA A (5 AUy Re e, Hof N — A ok 1 fg ., Hirp
SR B E. )RR LB N C=E,(m),

BEWE S B TEH e AR, E SCWEA —FE 258 £ L HAH S (5 1N T 4
BEPE A 1-1 iR,

m C=Ey(m) m=D ()
BT — E - D 5
}
(hLFE(EH)

A 1-1 I KR

B kA R A E A L BB E T E AE., E B MERLE.C=E,(m) &
WD & E iiiiai, B .
5 1-15 B 3C m J& Secure message transmission is of extreme importance in information

based society
. HUI OB 2 E B FENMRE L M2 HEEN"., &5 —1K
M Kaiser 20519, DA% SC 26 Bk 43 Bl 60 FECF 0~25. WF .
abcdefghi j k I mn o p g o r s t u v w X y z
123456789 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 0O
W S 2 S TR) ) 722 5 2 7002
C = m + k(mod 26)
W R S 0~25 [A] 1S L, BN E £ =10, 005 F A5 B m XTI A 25 SCfH 2 .
COMEBOWOCCKQODBKXCWSCCSYXSCY
POHDBOWOSWZYBDKXMOSXSXPYBWZD
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SYXLKCONCYMSODI
Kaiser % % & 18 8UR A 76 S P i XN, A 28 6 o 2R T4 KGRSO B 2 AN it —
ol 1Y HAE 2 — RO

1.10 HHEZFMEFHZ—. FRE M

FHEA A M PR AR MR L B R AR DR MR,
Fo %5 8] k& 52 . future belongs to efficiency 4 (1 & L& “ KK @ FRCR”, B S — 5§
REGAT

ab cdefghijklmnopaggrs tuvwXx y z
FUTREBLONGSICYADHJKMPQVWXZ
B4 FUTREBLONGSICYAD---Z i 41 g Bt W), % 47 i 4 . future belongs to

efficiency . ¥ iy FUT J iy U fim & i MAHEE .15 FUTREBLONGSICY . & 1f

BRI SO R 2 bR R R AT . ADHJKMPQVWXZ,

BT ER E,(O RS AL F b B EE 0 g 25 SO 20T 68 R . 3a] 21 25

B IR LU Kaiser 05 RMERS 22 . 25 B 1 09 7 35 00 R >R FH 95 285 5 ok s A7 0l %5 18

| SR E R PR 2 26 DI SCF R — 2 FEA

AR B
nl ~ ./2nx %) V2 X 26 X x(%ﬁ)zﬁ — 12. 781 X 3. 1452 X 10% = 4.02 X 10%
\ .
# AR REH#AT 100 J7 475 RAE THR ALK AT TR 75 ZE AL AS I 18] A

26 26
4.02 % 10 __4.02X10% 1 ore s oms ospy

T 365 X 24 X 3600 X 10° 3. 1536 X 10%
] WL s B e A AT Y .
Kaiser S8 THERE M, T4 — B EREREE T 006, BH%E L.

GJIXXN  GGOTZ NUCOT WMOHY JTKTA MTXO0OB
YNFGO  GINUG JENSZV QHYNG NEAJF HYOTW
GOTHY NAFZN  FTUIN ZBNEG  NLNFU TXNXU
FNEJC INHYA ZGAEU TUCQG OGOTH JOHOA

TCJIXK  HYNUV COCHO UHCNU GHHAF NUZHY
NCUTW JUWNA EHYNA FOWOT UCHNP HOGLN
FQZNG OFUVC NVJHT AHNGG NTHOU CGJXY
OGHYN ABNTO TWGNT HNTXN AEBUF KNFYO
HHGIU TJUCE AFHYN GACJH OATAE T0OCOH

UFQXO BYNFC

St i AR BN Z A A H 4k HE R E L2 B T 1 SR 28 3L 7 ]
LRI o oW J7 87 A TROME W B B AT 2% & S5 8077 i HL 75 3 G A R R X 2 SN 1%



e 14 2 B 2 A By 4 & Aok

FEA 4 A Bh 4

2Bt T AR FE AR A g SO R HY BRI R NG L AN e M A A 3R
ERE.t.a.ond W G EBFAHERZLUNEM.th.he.in.er.an.re.ed.on.es.st.en.
at.to.ne.ha.nd.oa.ea.ng.as.or.ti.is.et itvar 2% H ;3 NEZHRF N the.ing.and.

her 5. FIHHF 26 4> bR B A BRI R ANZE 1-3 Fros,
F1-:3 BAFHHANHER

P 3 a b c d ¢ f g h i
Wil 3 0.0856 | 0.0139 | 0.0279 | 0.0378 | 0.1304 | 0.0189 | 0.0199 | 0.0528 | 0.0627
e 3 ] k I m n 0 p q r
i 0.0013 | 0.0042 | 0.0339 | 0.0249 | 0.0707 | 0.0799 | 0.0199 | 0.0012 | 0.0677
9L 3L s t u v W X y z

Jii 0.0607 | 0.1045 | 0.0249 | 0.0092 | 0.0149 | 0.0092 | 0.0199 | 0.0008

MR AT DUE T A

(1) e BRI .3 T R&2 tia.o.n.riis.h. X2 g T &S5 4.

(2) d.l.u.c J& W,

(3) df.y.w.g.b.v BRIHER 77 .

(4) k.jx.q.z J& B A .

(5) 2B o1 84 57 b LA B & 51 4 vy A0 vb A 8 5 IR Y b, e b 3 vb i R g e Y dOAH 22

[ 551 %k 0. 0528 —0. 0378=0. 015,
(6) e BIMI i . LR E ) « B35 0. 1304—0. 1045=0. 0259,
PLAE [7] B XF 280 D& AR H #r&iH. E .
ABCDEFGHTIJ]EKLMNOPQRSTUVWIXY Z
16 513 6 7 17 23 26 512 3 2 2 36251 5 0 02220 4 6 9 14 7
A1 T E R B NHES A
NHOGTUTFAYT C]J]XEZDWBIQVEKLMPRS
36 26 25 23 22 20 17 16 14 1312 9 7 7 6 6 555 4 3 2 2 1 0 0
25 by i I W ) 02 Neove,
A 9 MR NVHLOLG.T.U.F.A.Y A HE/& e.t.a.o.n.i.r.s.h [ 3 Ff
XN Nere S2: 1 2 1.

WS Y 9 AT Z ] B L B 9 N FEAT 280 ST 199 A4, b A
PR AT 0. 71,

BV RGO A g 0 A BE 22 [8) 1Y 5 2 ¢ R A KW ZR 1-4 Fras , LU Bh i € 45 B 6 1
HH SCA B f?ﬂﬂﬂ e> N i E G - M eA IR E T ae he RPN 5 T eh B RS, A
Pt 5 WA B X T A BB T RE XS N T BH S b WS S BEXS N T S e ees




F1E Hi e 15

K14 IVTENFEZENEZEXE

\ N H O G T U F A Y Hi 3C
3 4 3 9
N e
1 5 4 5 7 5
i 1 2 5 2 4 ] 2 ]
3 2 1 1 ] ] 10
o 5 6 1 1 i
1 10 7 ] 1 2
5 2 4 2 2
G ?
4 1 6 2
- 4 1 7 4 1
1 n
4 1 3
1 1 2
U 5 a
1 2 3
] 7 1 3 3
F )
3 2 1 3 1 2 1 |
A 5 1 2 2 3 1 )
1 2 4
v 10 | 1 ] X
9 3
- - 4_ \ T = Ay T - »
=P a EFREL.LLNTT G fﬂ"JE{J(_Jj‘I!ﬁ‘J-,El] 280 MR FEAMATPH I GN EZHRWA 4
]
B . - » 9 L (9) .. | -
K. HEMNG ERMWA 5K N1 Y H 1Y HIlys; . UL Bl NY 9 )k, %A H

YN,

PAEAR 38 Ge 71 B &0 HORAE H an F F)

(1) N & e %, H Neoe R, RE NE /NG .

(2) EFEEE aio X=EANF M ERWILRE D AR P I O U A =456
PR T 3 28 BN /0 20 FI B AT AT BE 2 adio B SC . HAS BB B 22 L 4n] X3 Dz .

(3) a.i.o WIEZHI IR AH 1o BYHZEZEHLA (0. 0893) L o BYIEZE ML (0. 0092) 5,
MEFFHF OA HIFHK,OU HH—K. UO.UA,.AO,AU ¥ K25, ir L OA 7] fE& io
1% 3, B O, Ao,

(4) UA[fER a A% 3, 0U MH 1 R ONU HHE 5 R CUN AL £5 5 ea HY B A
(0, 066) 5 T ae HHLAYHI 2 (0. 002) , fIr L U<>a A A] EPETR X,

(5) MRIESE T n /i 2Bk 150253 5 A an (14525 (0. 1878) ven Y41 % (0. 1381) ,
in [A5%4 (0. 2498) con YA (0. 219) cun YA (0. 1517) . n B [ B & #9415 535 0. 90 LA
I i Ton,

(6) Y Mk S AR YN HEL 9 Wi NY ANH B, 5 he B AY 3R (0. 5623) iT
T eh LRSI K (0. 002D W& FrLh Y<h fyn] GETEIR K.
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it

(7) th HEAYIIER 0. 3512, ht HELAYAITRALA 0. 0233, fIr LA AT fig Hert,

(8) myMFhErp ros W MEAE HV B E , WI2D AR 280 A% SCABE 3y 159 AN HE | h
ST Fe w120 45 FAR N % 30, il AT %8
GIXX N GG OT ZNU CO TW MOHY ] T K TAMT XO B YN FGO GINU GJFN ZVQ HYN GN EA JFHY OTW

e in  ea 1 with n nown 1 he i es e the e o in-
GOTHYNAFZNFTUINZBNFGNLNFUTXNXUF NEJ] CINHYAZGAEUTU LQ(:U(;UTHJUHOAT
intheo e na e e e e an e a e etho 0O ana i intuition
(JXKHYNUVOLUHQUHLNU(JHHAFNUZHY

thea 1 1 at ea tto ea h

LI EmF .

(9) MOHY 7] 6 &2 with U, Mw,
(10) B# ] TK TAMTHI OG OTH ] OHOAN o] # J<ou. K<k,

n nown 1 1nt 1t10
(11) K55 19 A€ HAUA % SCH B S0 L3R B fs
abcdefghi1jklmnopgqgrstuvwXxyz
U N Y O K T A H ] M

Al Lo,
(12) W H FH G ol ggR ros X h . A T Heo Jou it Feor,Goes,
(13) 1T U«a,# Vb,
(14) AL 15
GJXXNGG OTZ NUC OT W MOHYJTKTAMT XOBYNFGOGINUGJFNZVQ HYNGNE AJFHYOTW

su essin e in withunknown 1 hers is essure b these ourthin

(15) i suXXess A] T X<>c,

(16) 1 CiBhers AJ 15 B<p,

(17) H thinW ] % Weg,

B2 Pl 41 New york city 453 B3R N

abcdef ghij klmnopgrs tuvw2xy z
UVXZNEWYORKCITABDTFGHI]JLMPQS
4wl B SC A

Success in dealing with unknown ciphers is measured by these four things in the

order named perseverance, careful methods of analysis, intuition, luck., The ability at
least to read the language of the original text is very desirable but not essential. Such is

the opening sentence of Parker Hitt’s manual for the Solution of Military Ciphers.

b B Em R SR R IR - RAEME AR T IR LT 4 N E
ok ity &, Fi W A% 0 R A T i L DA GE AR, TR R S S RS BE T 2
TN R MA R AT] ), X2 Parker Hitt FCEFH BB R ) — I A",

VE Ml S i i PR B e  E S R E T S AR E R T — A B0 S50, 4 19 hn 2%
BB A BRI LIS,
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1.11 HHZFEMZ =, Vigenere % 5

W M=mymym, k=kiky, >k, E,(m)=cyco*+c,- W ¢, =m, +k, (mod 26) (=1,
2’.'.’??)&
b i M=data security,b=best, | c=FE,(m)=EELT TIUN SMLR,

data secu rity
+)best +)bes t +)be st
EELT TIUN SMLR

it 42 LI m = secure message transmission is of extreme importance in information
society N .
k=security, ot m 47 8 NFLAF— 1T .
secureme ssagetra nsmissio nisofext remeimpo

rtancein informat ionbased society

secureme ssagetra
+)securi ty +)security
KIEOIMFC (mod 26) KWCAVBKY (mod 26)
nsmissio reme 1 mpo
+)security +)security
EWOCJABM (mod 26) JIOYZUIN (mod 26)
rtancein i n f ormat
+J)secur 1ty +)security
JXCHTMBN (mod 26) ARHIJUIS (mod 26)
tonbased society
+)security +)securit
ASPVRSXB (mod 26) KSECVER (mod 26)

Fir LU 28 3C
KIEOIMFCKWCAVBKYEWOCJABMJIOYZUISJXCHTMBNARHIJUISASPVRIXBKSECVER

Vigenere # M5 i 1 538 B i (19 55 53, (BAF A 0 A ik 2 A — S 50 i He e D0k 12
TR T o A SOAUE & 58 4 i ) B A L LR A B 0 2R R ik — 2L IR .

(D) HRAMEER TEY e FIRERME. 28 b BB Al DL 3O R 3] 28
R R LIERTAHRZ 0 th he AT BN B AL, X AZ0ERTFHER
HrP A RO BE 2 2 R EE AR, HOE B 2 o 1Y K BE A0, U B AT AY 25 S0 2 A W]
. i LA S A 3R [R] 3% 260 5 O 80 BT 9F SR A g B 2, DA v ] ) o %
kAR EERIRTE. b B EEA ] BEAR R ECAR /N, U 2 5l 3., ml DA PRI 23000 i B v 58 01 DR &S0 AY IR
ok W 2% BH A K

(2) MBEHAMEZ )G MRREHE L 1.2 kAN TFHE G FENITE B
AP b BUARC, T A TR XY & Begs FAR AT LUE AR 2 9 SC/F mod 26 + 1 1Y B3R 7R
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W . B AR IR A Jee R AR

AT C 28 H 26 DN SCFREMR R, L £,=0. 0856, f, =0. 0139+« 7E — Bt 2 3L
T B At BRAH ] 7 B Y M 2R

p=fi4 fi+ 4 fF = (0.0856)% 4+ (0.0139)% + ++= + (0. 0008)* = 0. 0687

nag R kb &85 S T AN B 1 W AT E & 2 ECH
2 B RIAE by 2o JARECH b WY RIHGAE k), 20 ok A7 802X FETE LY . B0 A 20 ) Wy 45 17 22
W] {258 Z /DB A RE K E R an i BA S, B 5| #E— 8 S A IR & 1C7,

A1C = S 2L 10 AR BT R AT 2 T A B R RE S A M % L 5 A (R S

E=;IE n(n—1)
0. 0687 , 5 HH L oz T * g 37 gt Y
Vigenere % 0525 i SC o1 B £ B AN RERE £ B PO HbC & . (i 2 BE S ok [ 1C $22
UL 0. 0687 . NP IC & B B A K — 1Y IC 35 5] 0. 0687,
T2 AT 40 S8 2 iy DR B 1Y SCIRC A SR IR A 1) 1C, K die i ] SR H 25 5
iz 4n 2 1 %% 3
UFQUIUDWFRGLZARIHWLLWYYFSYYQATJJPFKMUXSSWWCSVFAEVWWGQCM
VVSWFKUTBLLGZFVITYOEIPAS]WGGSJEPNSUETPTMPOPHZSFDCXEPLZQWKD
WEXWTHASPWIUOVSSSFKWWLCCEZWEUEHGVGLRLLGWOFKWLUWSHEVWST
TUARCWHWBVTGNITIRWWKCOTFGMILRQESKWGYHAENDIULKDHZIQASFMPR
GWRVPBUIQQDSVMPFZMVEGEEPFOD]QCHZIUZZMXKZBGJOTZAXCCMUMRSS]W
FRRCh 280,A: 9B 4 AN.C: 10D 7T ALE: 14 A4Fe 15 A.G: 14 4~ H: 10 4.
I: 1140 740.K: 94.L: 13 4~ M: 10 ~.N: 34.0: 74.P: 12 1.Q: 9 1,
R: 8 1.S: 201.T: 12 4. U: 144 V: 1240 W: 27.X: 5D.Y: 6 10.Z: 124,
IC=0.431., WHRES 0. 0687 ihix,
M SO A A R 2R S, B TU A5 = Ak, B8 8 118,203,259, UL A3 — 4b I &
225 ......
XF B — R R AT L8O i L e 250=2 X5 X5 X5,
GEitsEE 2. 52 IR\3: 32 IR\4: 28 IR.5: 50 IR eeeeee
2 KA, 3 A Wamm H il 3R ESA Z O E B E N 5. R XN 5 17
UUGIW YJUWAGVUGTFGPTOFPKWPVKDC
UGGWH TCVTKGQGNEKQPVQMVPQUEKOTCR
IC = 0. 0623
FDLHY YPXCEQSTZYAGNPPDLDTWSWE
ELWLE TWTJCMEYDDARPQPECZZTCS
IC = 0. 0506
QWZWY QFSSVCWBFOSSSTHCZWHISWZ
HROUV UHGROI SHIHSGBDFGOHZBZMS
IC = 0. 0649
UFALF AKSVWFLVEJ]JUMZXQFAUSLW
GLFWW AWNWTLKAUZFWUSZEDZMGA U]
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IC = 0.0617
VHRLS TMWFWVKLIIWEEP SEWXSGTFCE
VLKSS RBIWPRWELIMRIVMET]JIXJ]XMW
IC = 0.0617

B — T MHAR A FREER 2 P R S 5 N5 AN IC KB B8 b K8 5 09 H K 1R 1E
fifi .

{BE k=kikokskibs 5 1 FT2AF m+ky (mod 26) BRI 5 2 17 =24F m+k, (mod 26)
BT 5 3 AT AE m ks (mod 26) BRI V4 47 W AR m+k (mod 26) 11145 . %
547 W HAVE m+Fk: (mod 26) BEHemiis.

1<k, <<26(i=1,2,3,4,5), B £y =1, W[ FEHE by ks ks ks AT G G5 1 1C
K? BHIEERE FIHFIEERR b =1k, =9k =12k, =16 ks =2 S5 45 F.

1.9.12.16.2(mod 26) M A .

AJMOD BKNRD CLOSE DMPTF ENQUG--
XGJNZ YHKOA ZILPD
AR E B2 CLOSE.
¥ 5 B SCE T

UWEEG UUKPFGCNKPTIYKV] WPMPQYPE
KRJGT UKVOGCUWTGEFDAV] GUGHQWTV
J K PITIUIKPV]GQTFGTPCOGFRGTUGIXGT
CPEGE CTGHWNOGV] QFUQHT CPOCNAUIZKDU
KPVWK VKQPNWEMVUGCDKNEKYVACVNGC
ugvvQqT GCFV] GNCPIWCIGQHYV G QT K I
KPCNV GZVKUXGTAFGUKTCDNGDWYV PQ
VeGUUG PVKUNUWE]JKUV]GQRGPKDBTIUG
PVGPE GQHRCTMGT] KVVUOCPWCNHQT
V] cUQ NWVKQPQHOKNKVCTAEZKR] GTU
Uil 26 o 3CF R BLAYIREL

ABCDEFGHTI] KLMNOZPQRSTUVWIXYZ
5 0 26 4 57 36 7 6 14 25 0 3 13 5 22 16 5 0 17 23 26 12 2 2 1
IC = 0. 0654

F I 28 SCRT LU 7€ Sy 1 T8 1 B SC a1 428 48 25 1

Success in dealing with unknown ciphers is measured by these four things in the
order named perseverance, careful methods of analysis, intuition, luck. The ability at
least to read the language of the original text is very desirable but not essential. Such i1s

the opening sentence of Parker Hitt’s manual for the Solution of Military Ciphers.
X E UL T
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1.12 Wilson I 5 Fermat EIE

EIE 1-15: p RRAM L EZNZ(p— 1D 1=—1(mod p).
iE DESZM p=2 8. (p—1)1=1=—1(mod 2) . EILE n=2 B 7.
flE p WRT 2MWER .a BWLE 1<<a<<p—1 MEEH.HN(a. p) =1, 8177 1 F
my i lat+mp=1.la=1(mod p), 8l «'=1(mod p), M H 17! (mod p) =1,
(p— D) '=p—1(mod p),FrlL 2.3, .p—20 3R Cp—2)/2 X (mod p) I H.
i, Bl 2X3X e X (p—2)=1(mod p).
fir LA
(p— DI =1X2XX(p—2)(p—1)=(p—1)(mod p) =— 1(mod p)
TSt e M(p—D!I=—1(mod p)fH p=ab, HP 1<<a<<p,1<b<p.N a<p.
al(p—D) AR p—1=—1 mod p,(p—1)+1=0 mod p, T Lh.p|[(p+1)1+1],Hp
all(p—D1 +1],ll(p—D! +1]=[p—1]! =1, 0H.all 5 a>1 FRIXFTE. &
pre R
ik 5=
Wilson JEH 2 HIE n &R T EFM AT n RREF IR RK AL .
IR 1-16(Fermat TI) : p B R .a BIEEBE.pla. | a?> " '=1(mod p).
E p— 1 1% a.2a. . (p—Da P L—8 p RIS,
as2a,+(p—1Da AMFE—XF (mod p) [Fl4x, N# ha=ka(mod p) , 1<<h<k<<(p—1),
(a,p)=1,0] h=k(mod p), XZAAHEA .
FrL a2av (p—Da X p—1 P mod p AF 0 (4 AETEPA B AHF 4, H
E I mod p AYTET AL A 2R .
i
ae*2a(p—1Da=1X2X-+ X (p—1)(mod p)
a” '(p— D1 = (p—1)!(mod p)
((p—Dl.p) =1 JFrLha”' = 1(mod p)

Fermat ;& FZ5 H R A p WL B 561F.

EI 1-17: p 2R & a B 1EH#E N a?=a(mod p) .

iE 2 pla, WMARYE Fermat & : o '=1(mod p) .M a*=a(mod p).# al p, M|
pla?va?=a=0(mod p) .

A H Fermat 5 F o] 5] 1k @” (mod p) 18 7.,

B 1-16 K 5 (mod 9).

3125=2(mod 9) .
EI 1-18: p ZRE . pla. N a ' (mod p)=a*?,
E ac*a? ?=a’ '=1(mod p) . Ll a* *=a '(mod p).
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B 1-17 2K 5 '(mod 11).,

fi#. 5°=1953125=9(mod 9),# 5 ' (mod 11) =9,

Bl 1-18 K axr=b(mod p) O plasa.b ZHE . p EFEL.
. r=a" °b(mod p)

1.13 Euler & IE

EX 1-4: n BIEEB. ABIT 2 H5an ERWIEEREBE N ¢ (0) R, F8H Eulerg
Bl (1) =1.4(2)=1.4(3)=2.4(4)=2.4(5)=4.,4(6)=2,4(7)=6,4(8)=4,[H
(L,n)=1,1 AEfTHEE K,
B—HEE mod n BFN 01,2 - cn— 1 H 19— ECIm] 4o i HARD G rp— A~ Z ]
A,0.1.2.« .n— 1 fEFR N mod n ) —H5E 2R IEEI SR,
mod n M r FIRBBNESRR N rl.r PR —DEATRR N r+hn(k=0,L1,
T2,
] BN BERNATERZT o) =1.mod n H ¢ () 5 n H R [HE
R X ¢ Go) A [a] 43 2 v 25 B — > 41 Bl £ 5 PR 8 1] A 1 ) 4 2
BB 1-19: 27 my M o, B2 W gGmymy) =¢Gmy ) p(my) o
E W x ae—IEEE.0=<x<mym,.
r=r,(mod m;) 0=r, < m
= r,(mod my;) 0= r, < m,
r M e, A TME—BE B 2 R Gy ary) —— XTIV,
x Mmym, BHER,GHACY 2 Momy, omy, FEHR > Mo, B RN FEE K2 r M m, H
R2G=1,2,),
XAELUEH T 5 mym, R ECH S THAE Grory) MEBR KPP r Ml R 5
me R m/DNTS m R EHN ¢Om) G=1.2,) it (rivr) BMEHN
d(my)dCm;)

EIE 1-20. RF':IT ??:P? P;z '”P:: !EEF' Pi I%Z:Iﬁ‘lﬁﬁﬁﬁ !Ha'}fo(izl*zs"'*k)&mlj

o121}

iE ﬁ%ﬁﬁp%ﬁﬁﬁ¢@nzf@—i}

TEIX 8] O<a<<p* P AyEEEL, HiP & p MG EIA . 0.p 2p . (p — D p. 3L p ' A,
HAES p» R JTUNT pe S p* HRZERIECE R

1
e al __ e 1__J
p P P( b

HTF ¢CGnimy) =¢CGmy) pCmy) sy Flomy, H R AT n=p)' ps = pi N

oo =i 1) 02
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it

EIE 1-21(Euler ) : 7 a 5m HZE . N o*=1(mod m).
iE % ¢(m) =k 2 riry e se 9 m HEREM mod m WHEIRIE .. B F(a.m)=1,FF
P arysary s> yar, W5 m HZE, H mod m ARG, WENKRFE riFr, M ar, =
ar; (mod m) JAFLE a~ ' (mod m) f r,;=r; (mod m) . ST E. L dtrir,rn=r,
ro st sy (mod m),
oy g oo AP EL R L AT L
a* = 1(mod m) Hl  a*™ = 1(mod m)

Fermat I . #(a.0)=1. 0] a* ' =1(mod p)., 7] U, Fermat & ¥ 2 Euler & F 1945

) 1-19 ¢umw:@CF¥):1mp<@:=%)x[r-%]:4m

1.14 Euler EEHBAINIZER T —IZRERNE AR

Al T A 28 B o B A, 3l 5 DU 1Y B B B ST RA R A E BT DA & i 3 BH A
R R ot = O R A7 B R TUP 2 O 7 o (R 7 N1 IS o o [ U = S/ = &/ G o [
AR ZFEEPEAKR., HAMEZMAGFEARAFHEME ., A0 V)7 ZFH.
VAR AT R 0], AE PR A5 09 P T B . #5385 A7 Y 2540 i U7 258 . K
BEBA LA, FAWE e, X EAELm N T/E. 8058177
A5 N AL LA 22 1 2 6 7 29 8 19 %5 31 0 sk e 1T 58 L &R 48 s R N I IR 3 AR
b X FEASAS By A T A

Diffie 1 Hellman F 20 f20 70 45 & 1 8 27 09087 J7 [n] ) IR SC 3, 2 2 4 %
MR R, BEB TP (B8 AR —INE M EHA ks AR TEEMEHA ki
AR A NSTE B kg AR5 CHIRERNG by ANTFAZE T BE by M%ES, BWREA (R
FlEE m.BASA WAH kA IFH RANMERE L C=E, (m). HH CELHAA MR
A b2 B S ks BRETR m =D, (O,

H TR % ks HA A A C%EEE AR =7 #3R% C C, B E A X m .,
RAXFER A I A 8] T 5% 28 81 . 55 i 30 0 Y 25 B 0T R A A X R
BH B O A R R R

HSEZ Diffie #1 Hellman & R M1 A8 B R 46 H 2 —Fhix Ml A EIEE X I
AR SE B B AT . AP G A NES P={1,2,.p— 1} L —JT
R xa-H ya=0"2(mod p), H 0 BRAEMNAR TR AW ya i xa RE . CH
va K aa il — BN E e e 2 —EXES, BWMS A RE#EG, &
A BRAHya T REFEEH.

kap =(ya)™ = mod p = (b"a)*Bmod p = b"4"8mod p = ((y,)"A)mod p

=pH"a"Bmod p
(H X H 2 i P XUy 38 {5 25 4H 5 i S5 2008 15 38 2 A FH XS FR & i, Hip b & mod p YA
JRoeE AR AERAR B 47 ' =1(mod p). MMH M E=1.2,,p—1 if,6*mod p
1 mod p MIEFI R RE p & —FEL
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i F Diffie #1 Hellman i 8 AU A o 15 2 B 09 58 05 2 5 o Z 8 AR TR st A
FH— NS R A REERR,EE TS 2 —, JLF 2R A4,
T e RSA AR,

RSA B2 =1 % MH#&HE Rivest,Shamir fll Adleman 1455 . RSA %43 T Euler
EH B RN R R R P GO AL T #RAE

(1) RPN ZEE gl pas

(2) T na=paga OATF) sdna) = (pa—1)(ga — 1) (R,

(3) FEBLHL L —REEL en o 1 HAH 2 Cen s (n2)) =1CATF) .

(4) TH dAT 2 ead s4=1(mod ¢(ny)) PRE) .

RSA ZGE WA H P U A) ¥ en sng AT

AP BHRSA REBEGE AR ea M, BRI m PR E/NT log,n 7 1Y EF1E
NS

%2 . 23 C=m (mod ny) B CiE45 AL A WE] C Ja/E D(O=C" (mod ny) .

THBITE m=DC) AT EEE b Feom ym<na JJHEA m™ " ' =m(mod ny) .

#r(mang) =1, 0 m#*"2’ =1(mod ny).

C = m(mod ny) C9% (mod ny) = (m)% (mod nu)
eady = 1(mod ¢(n4)),
'
D(C) = m(mod ny)

HT daeREBNRAA ACEEJJIUEA A AC A RS, GRS m BT
b, te s SCFERER] FHE 5 .0 p=43.¢=59.n=43X59=2537,4(n) =42X58
2436, 0L e=13,

2436 = 187 X 13+5 13 =2X5+4+3 5=3+2 3=2+1

1=3—2=3—(5—3)=2X3—5=2X({13—2X5)—5=2X13—5X5

= 2 X 13—5X (2436 —13 X 187) = 937 X 13 — 5 X 2436

ATl d=937.937 X 13=1(mod 2436) .,

£ B LA public key encryptions. 5 BH SC4rHe

pu bl ic ke ye nc ry pt 10 ns

W SCEUE A N
1520 0111 0802 1004 2404 1302 1724 1519 0814 1418
0% 5% 3
0095 1048 1410 1299 1365 1379 2333 0132 1751 1289
Fedn 1520 (mod 2539)=0095, HAth Mt AN R4k . X B B35 — [ n= pg (2
) spG)=(p—1)(g—1) (RE)REMIG RS 7 RSA 0% HE 37 A8 BN 141 ik 1 PR HE
B, — M n=pqg 24 1024 i, B2 H L, T HFIERAN =0 ZA0, p g B9+ 2§ BB 2
—HAZAL.
e OURAE A [R) R . el 8 — B 200 TR B R 8 il g = E 200+
PEHIEL 7 N ) AR B A B 5E 8G9 A% 0 ) A8, T 5K kS . — IR A — R He i 1990 4
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il

« 24 f

150 i) Fo 9% PRIEC it i3y Fo 258 9 4> Fermat %0.1999 4E 85 FR h RSA155 119 155 i8N
n=10941 738 641 570 527 421 809 707 322 040 357 612 003 732 945 449 205 990 913 842
131 476 349 984 288 934 784 717 997 257 891 267 332 497 625 752 899 781 833 797

016 537 244 027 146 743 531 593 354 333 897
p =10 263 959 282 974 110 577 205 419 657 399 167 590 071 656 780 803 806 680 334
193 352 179 071 130 779
g = 106 603 488 380 168 454 820 927 220 360 012 578 679 207 958 575 989 291 522 270
608 237 193 062 808 643
B 2 KB I il B R A $ 5 H o 2 By Ik e A Ak L 3k S AR R A 9T BE U
O . S AR PRl 28 3K 46 [n] 8 R T .

1.15 #H = X 2

RSA #iidcH — I+ & R DI HE  BI* &7 247 . HH 2P — WA T E /N
A AR ACR B B A R A Rl R SE AL R T RY . e A [a] B K
R A5 — il S DI A s 7e B i SO B2 w5, WR I Bk, A
M A KA X IRAZ)5E . B Al 5 e B SO Lk e ab 3. AR —DIER N i fr  ALB Z
Bl AT REC PR EE . B 407 RSA MEIFEEXRZ AT .

S1 A HAb T #5A M ZE M d 4 115 S=m? (mod ny) .

S2 A% (m.S) [FBFEZ B.BWRIGITHES m ™ =S (mod ny) .

rom” Hom —ZNAE R A KORR . AN LR . 5 A e . A Rl ) SRk
PLR N Gn . S) VEFEUE. N A A A 8-S m XN S. KA.

S (mod nx) = (m% (mod n4)) (mod ny) = (m)4% (mod ny) = m™*"A" (mod ny)

= (m*"a’ (mod n4))*m (mod ny) = m

1.16 Karatsuba-Offman &£ K P EFIREEFEBRZ
32 R R A

(1) FiAn RIACA B B % A w2 R — R TE RSB 4 A=a, X107 +
a3 B=0, X107 +b,, & P=C(a;+as) (b +b;) . Q=arb, R=ayb;
AB = (a1 X 107 4 a;) (by X 10° + by )= a1, 10" + (arby + azhi)107 + azb,
—Q+10"+ (P—Q—R)10° +R
IR ROR AB AR FRR AR n® Y — 3 B etk » T2 AR = 05 A 8 ek i I
1 Tk LA,

& T, 0 N=2" & fE— L &0k i i % N
Tn — STﬂ—l T{] — ]_ Tn — 3?1
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73 N=2" U T,=3"" X B logn DL 2 WK,
FARFE AT T 20 A2 Z3E A L3 - 2 u= ooy gz tt1 g )2 0= (U Uiy *
VLU g o Dty = gy y tpy—n* "ty Vo vty = Ctly 1ty *** Uy Uy )5 o NI
v, = (Uyp 1 Vopo0"""U,)s Vo = (UpqUp2*""U1Vp )2
wo = (27 +2") uy vy + 2" Cuy — uo) (oy —09) + (2" + 1) uq vy
A U o ATAE 3 =K o A7 R B L A A Tk MR AL RSB, N=2", [l FE %
T, =2m N =2"{; B8O R — L8O AR E L ] T, = 31N,
RSA I f# %A K a2/, M H Karatsuba-Offman 535 0] L5 48 B (8]
(2) [ ) 4 g BRAE A R BORE | 7F a5 m Dl DR i o o R L RSA il 25 I 24 R AR
(IR E SN
m = C*(mod n)
HHE Fermat ¥ : ¢ '=1(mod n),% m; =C?(mod p)=(C(mod p))dmde=1»
(mod p) .m,=C%(mod ¢)=(C(mod ¢))*™* " (mod q) .
AR 3 [ 9 A LS OK
gy, = 1(mod p)
pyv, = 1(mod ¢)
HIAE vy w2 BT P JGE p Al g,
vy =¢q '(mod p) vy, = p ' (mod ¢)
(poq) =1 HAFAE B A h WiBELfE 1=hp+kq.
h= p'(modqg) k=qg ' '(mod p)
m = kqm, + hpm,(mod n) = qy,m, + pys;m;(mod n)
L W SCAEAE kg T hp AT LAY 48V 22 ]

1.17 8RR

EX 1-5: & a Flm 525 R W E A /DAY IE R A 2 3 2 o =1(mod m) , N
PR 2 A a(mod m) MJFE%EL.

Bl 1-20 2K 2 XF(mod 7) MIFEEL.

2!=2.2"=4.2°=6 (mod 7)., 2 X} (mod 7) MFEEZE 3.

A 3'=3.3"=2.3"=6.3"=4.3"=5.3"=1(mod 7)., 3(mod 7) HAYF5EZ 6.

EIE 1-22. #a 5n HE,a(mod n) WIREE 6.n >0, IEHE = i a*=1(mod n),
25 H ALY 6| B RAT .

E #0lx. S 2=k0 b EIEEBE, a"=ad"=(a")’=1(mod n) . £ 1E1S 3] T iEH .

2 4 a"=1(mod n) .2 r=qx+r,0=r<d, 0] a*=a?""=(a’)? » a’=a’ (mod n)=1,
5 <6 MBEFIE L r=0.80 6.

L. Ha5n BE.n>0.a X mod n HEEGE 6. 8 ¢(n) .

W H(a.n)=1. B Euler EH «*” =1(mod n) .0 14 «’=1(mod »n) 5l 57 1Y) Fz /)
P LL ol é(n) .
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Bl 1-21 ¢ =6,FR/T 6 BEA 1.2.3.2K 7(mod 9) %K.

7'=7(mod 9).7*=49=4(mod 9) .7°=343=38X9+1.7"=1(mod 9) .#it 7(mod 9)
AITE 202 3.314(9),

Bl 1-22 K 5(mod 17) Y5 %L,

17 2R .61 =16,FR/X 16 EA 1.2.4.8.16, HJ

5'=5(mod 17),5=25=8(mod 17),5'=625=36 X 17+13, # 5'=13(mod 17).

5% = 390 625 = 22 977 X 17+ 16 = 16(mod 17)

i mod 17,5 By 45 %2 16,

EE1-23. a Ml n B HEEZWEH .2 >0, =a’ (mod n) .7 Fl j J& 8%, 24 H Y
i=j(mod ) +6 7& mod n,a HJ+5 %L .

iE # i=j(mod &) & j=>i=0,j=kd+i,a’ =a"""=a'(mod &), £/ HESIE .

RZ# a'=d’ (mod n),j=i,(asn) =1, sn) =1, B E ., 2 ab=ac(mod n) ,
(a.n)=1,0] b=c(mod n) .a’=a’"* * a'=a'(mod n) . Bl ' ""=1(mod n) . T LA 67—, B
j=i(mod 0) .

L. CHl(a.n)=1,a"=1(mod n),(a.p) =d,N| a*(mod n) WF5EE a/d.

EX 1-6: 7 r 5n HE.n>0,% mod nr WIEEGE ¢ () JUFK » & mod n I JFHAR .

fan. ¢(7)=6,3"=1(mod 7),(3,7) =1, FrLl mod 7.3 I &2 ¢(7) . fFrLh 3 &
mod 7 WM. 5 2 mod 7 WY IEAR . (HIFAE BT A A BB A AR, 8 Bt T Uk B A
JEAR .

£ 1~30 i) 30 4% ,2.3.4.5.6.7.,9.10,11,13,14,17,18.,19.22.23.25.26.27,
29 A MR . 8.12.15.16.20.21,24.28.30 L1 .

T 1-24. 7 r 2 mod n WIEAR, (ron) =1, 1 72 oo H#FE K mod n 7Y 18] 1L )
R

iE HEZHE A A (mod ;) T AR, WA AR =+ (mod n) . RE
$(n)>1.=>1. F »"=1(mod n) .

j—i<¢(n) .5 r Z(mod n) W IEAR I EEMH T .

XL 7 e L (mod n) TAT AN ] 4%

EH 1-25: % 62 a(mod n) FEE . n 52— IEFBEZ N o MIREC N s A s=0/(0.uw) .

I 2 v=0u) . 0=tvu=u vty uy) =1,

(a“)1 =(q“")? =(g°)1=1(mod n)

FIr LA S|flg
FHHNa*)*=1(mod n) . JITLL 8l us.tyvluyvsaty luys,
,ﬁl(flﬁul)zlﬁlﬁl(l t’1|5551:5: ! o ﬂEEF‘.
(5&“)
6

Bl 1-23 mod 7,3 MYFEEE 6.mod 7,3 IUFREL= 3,

(6.4)
L : r & mod n BEAR . =>1, 0 r“52& mod n BYJFAR 2 HAL Y (ua g () =1 B BT,
HEH mod n r*HF5%L s A .
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0 _ ¢
(H&a) (H!?S(??))

FF LA mod nr* JE AR 19 78 Z A R (us g () =1,
FHe &L IFAEIAEBREHAIMR., 828 2.4.p%.2p (a=1D)p ZREAH
JRAR A3 S R AR L XN R AL p<<1000 1Y ISR 51 0] S [5] — M BGE B #E .

)

1.18 IR (BEXEHD

EX 1-7: & a &— 8 (a.n) =1, %8 n B — PR r. 5 —3E B a=r"(mod n),
=0, MFR B HLLr ANIE mod n MFEHR.IC f=ind,a .

L a 2K B, a=r" (mod ») PR A B WO ELC 8, M (ayn)=1,r 52 mod n Y
JEAR AR AN S A G H 5 R R A G, Zr LA % mod 7, RS ind,a = B, I 52 A
A mod n & [ E 1Y .

Bl 1-24 m=7.3 2 mod 7 WWIEM, L mod 7 A ind;1=6,ind;2=2,ind;3=1,
ind;4=4,ind;5=>5,1nd;6 =3,

5 W72 mod 7 WJEAR A ind;1=1.ind;2=4.ind; 3=5.ind;4=2.ind; 5=1.ind; 6 =3,

EIE 1-26: 2 m & — IEBEHFER roab Mm BHR WA LT ELE.

(1) ind,1=0(mod ¢(m)),

(2) ind,(a * H)=ind,a +1ind,b (mod ¢$(m)) .

(3) ind,a*=*k * ind,a (mod ¢(m)) .k s&=—1FEE %L,

iE (1) B Euler EH# " =1(mod m) ,r 7& mod m B —" 2R A L » /DR IE
WA A4y 1(mod m) . T L) ind, 1=¢(m) (mod ¢(m)),

(2) MRAEE

pind @) — b (mod m)

pindratind b — pinda {oindb — o (mod m)

fir DL i (ab? =pindatindb (mod m) ,ind, (ab) =ind,a +ind,b (mod ¢(m)) .,

KRt a fln HZE.n>0,a'=a’ (mod n) (G, =0), W5 HALY i=;j (mod &) i} .8 &
a mod n BJFEEL. BT a*=1(mod n) WAL Wi /DL 2. H (asn) =1 T LL 8=¢ () .

(3) MR E X -
2 — 4p(mod n)

Fhrde = (") = gb(mod n)

AT pind 0" —  tind a (mod n) . ind,a*=Fk + ind,a (mod n) .

] 1-25 24 mod 7.ind;2=4.,ind;3=5,¢(7) =6, ind;6 =ind; (2 X 3) =ind; 2+
inds 3=4-+5=3(mod 6) ,ind; 3* =4ind; 3=4 X 5=20=2(mod 6) ,

¢ ind;s 3* =ind:81=ind:4=2 (mod 7),ind:3*=81=4(mod 7).x=2(mod 6).}{
ind; 81 =2,

Bl 1-26 n=17,4(17) =16, Kl /& 62*=11(mod 17) 1Y x.

. 31=3,3"=9,3"=10,3'=13,3"=5,3"=15,3'=11,3*=16

r



.+ 28 - 5 R &AW F A

’=14,3""=8,3""'=7,3"*=4,3"=12,3"=2,3"=6,3"=1(mod 17)
34
ind;1 = 16 ind;2 =14 1ind;3 =1 1nd;4 =12 1ind;5 =5 1nd;6 = 15
ind; 7 = 11 1ind;8 =10 1ind;9 =2 1nd;10 =3 1ind;11 =7 1ind;12 =13
inds13 =4 ind;14 =9 ind;15 =6 1ind;16 = 8§
XF 6x'*=11(mod 17) #47 ind, 19128 5H.15
ind, (62"%) = ind;6 + ind; 2" = 15 + 12ind;x(mod 17)

15+ 12indyx = ind;11 =7 12ind;x = 8

RIE A2 ac=bc(mod m) + (com)=d , M| aEb[mOd }dﬁ) o

3ind;xr = 2(mod 4)
inds;x = 2.6.,10,14,(mod 16)
xr = 3%.3°.3".3" .(mod 17)
ind;x = 9.,15.8,2(mod 17)
Bl 1-27 K5 HE mod 41 A )5 6.mod 41 A .
6°=1 6/=6 6°=36 6°=11 6'"=25 6°=27 6°=39 6 =29 6°=10
6°=19 6°=32 6" =28 6" =4 6°"=24 6"=21 6°=3 6°=18
6" =26 6° =33 67" =34 6 =40 6" =35 6¥=5 6 =30 6" =16
6 =14 6*=2 6" =12 6* =31 6¥ =23 6°=10 6 =13 6% =37
6 =17 6 =20 6 =38 6 =23 6 =15 6¥*=8 6 =7 6“=1
W3 mod 41 A .
indgl =0 1ndg2 = 26 1nd¢3 =15 1ndgd = 12 1ndgyd = 22
indg6 = 1 1ndg7 = 39 1nd¢8 = 38 1ndg9 = 30 1ndg10 = 8
indg1ll =3 1mndgl2 =27 1ndgl3 = 31 1indgl14 = 25 1ndgld = 37
indg16 = 24 1ndgl7 = 33 1ndgl8 = 16 1ndgl9 = 9 1ndg20 = 34
indg21l = 14 1ndg22 = 29 1ndg23 = 36 1ndg24 = 13 1ndg25 = 4
indg26 = 17 1ndg27 =5 1ndg28 = 11 1ndsy29 =7 1ndg30 = 23
indg31 = 28 1ndg32 = 10 indg33 = 18 1nds34 = 19 1indg35 = 21
indg36 = 2 1ndg37 = 22 1ndg38 = 35 1ndg39 = 6 indg40 = 20

1.19 Miller Z# ¥ E £

N PIES RSA BOR KRB R RRE p Mg KRB 2/ 1024 7, B LUy H4) 7E KR Bl
EGEWE T b ) ], /P M KA Wilson € BT Fermat € M, Wilson /&
FERBM L E KM (p— D=1 C(mod p) . HH K H & K ZHEILF =2 A 2 1.
Fermat 25 p AV ESZM: «* '=1(mod p)ﬁ”ﬂ’ﬁﬁik%ﬁiﬂ’]%ﬂﬁn

Miller I : n N—1EBEH nlbon—1=2%1.s HAEMEEE .+ SHFZE, 24 b
1(mod n) 8% #2*=—1(mod n) (O j<<s— 1) PR n LA b IERY Miller 4 .
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T 1-27: & n 228 H afo N n @t Lo HEAY Miller 52 .

Uk é’\* Ek:hzT = b

2-5'_-&

f(k::';?f;_].!---'!]_?(_))q m n %%ﬁ*&:hﬂ_lzl(m[}d ?I)

(Fermat JE#) . BRI WLIRGE K Z ElEh% =1(mod n) ., 8§ Elzhu? =—1(mod n),

Kl &, =& (mod n) s Fermat EH Wl 7 .
FH & =1(mod n),5{ & =—1(mod n) W 7,0 &§=1(mod n),
ﬁ)ﬁ Fermat IHI::}ELLLJJ:t%Wﬁ%E%” S+1=1(mod n) &ﬂ E.Ia—HE_]-(m(}d n) *mu &=

&=1(mod n) . UaH— H Miller #lliif i . Fermat & ¥ {H 351501 2 .

EE% ﬁ_;ﬁ- Eﬁ%i‘iﬁaﬂiﬁfezsh‘i_lﬂ”alaog
EIE 1-28. 47 n L ar A0 0 @l UL o RFERY Miller ?ﬂﬂiﬁi%%%(n—l)n

pebiibot | R NS ORGP

C A n—1=2%¢ ,Miller ML TN .

S1 FE{1.,2,++,n—1} PEEHLIL" 2 —DEL b, j<0,71 5 =<0 (mod n) ;
S2 # =1 N|%E S7;

S3 i<—1;

S4 #5 z=n—1 W% S7;

S5 % i=s. 0 n AERE G, 50 % S6 5

S6 z<—=2*(mod n) » 4y i<—i+1 & S4;

S7 n 1 i Miller M]3,

A L4 0 2% 0 i gt Miller fmma@maﬁdﬂ%n

EIE1-29. & n B FZREHE A0, F n it Miller 328, n B5 %0,k £ % Miller

ik BT ]

A S4B BEHLIC 100 7R (7 B 5 B0 9 0 o 308 22 BT AT (10 Miller Y30 F BE SN

1 100
F(L) s 22100 <1075,

RAE n A8 H88 i 100 X Miller M2, H 45 L2/ T 107°¢ , W iZ DL IE A | &

AT RER /LR B /R H A BB AR A M EN AL A ERZRR . 5L EH
FER ., IR (2002 ) AKSHEHEm A mE . m HZ22mA Ay, H AKSH kR T E
A B 27 43 S ) S FF L TE I A

1.20 ElGamal 2 %A 22 74

ElGamal 238 % #1572 JL-F 1 RSA [R]F i B 20 B0 2 65, A 2R i RSA 23 87 1 i 15 TR

XE 2 ik T RBCHY 0 ik PROHE L X E1Gamal 9 Iy (Y ROME U 7E oK ik 5 506 20000 XE BE , 1) B
TR 1k 3B TR FOR B O BN J7
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1. ElGamal BIinZ & %

WAH—RKREZ p emod p MIFEHR g, B—PHP G A EHE—FBE x4, 01, <
p— 1,315 ya=g ™ (mod p).
B va ST xoathh A AR T2,
S1 A BEE m MEIXLI B.A KT yvy=g" (mod p).
S2 A FEMLHLE —3E 2, 0<2x<p— 1,115 C,=g" (mod p).
S3AITH K=(gg)*=g*s(mod p).
T3 C,=Km(mod p) .
S4 AW (C,.Cy) VEBELHL B,
BRI (C,.C) JG.fZEIT.,
S1 B Fl AR R 25, 1T (CH B =(g" )3 =(y5)* (mod p)=K.
S2 Bil® K '(mod p).
S3 m=K 'C,(mod p).
fE—5 = HTEMN CoR1G o WIRE NS yp2Ki8 kS K7 (mod p).
B 1-28 & p=11.mod 11 WIEHR g=7, % 2,=3,y2=7"=343(mod 11)=2;1i%
T5=5,y5=7"=16 807(mod 11)=10;¥% m=6.A Bl x =7,
L =7"(mod 11) = 490(mod 11) = 6
K= (10)"(mod 11) = 10
C, =10 X 6(mod 11) =5
AN (C,.Cy) W8 B.BWRI(C,.Cy) Jaf T .
K= (g)* = (7°)(mod 11) = 10
K = (71)H""*(mod 11) = 10
m= K 'C, = 50(mod 11) = 6

2. ElGamal ¥ F % %

WAH—RKZE p mod p WIER ¢.S1 K5 A —BE S, 0<S<<p—1,%K
(S,.p— D=1,

S2 i W=g°(mod p),% m=ax,W+SV(mod p— 1) .fit i V.AYKW. V) Elm 1Y
WL B W, V) %4 B,

g"n=g AV TV =(g"a )V (g")"(mod p) (y )WV (mod p)

Bl 1-29 p=11.mod 11 MJFEIR =7, 24=3.va=7*(mod 11) =2. 47 m=6,A WL S=7,
RS, p— 1) =(7,100=1,W=7"(mod 11)=6.,m=2,W+SV(mod 10), H 6=3 X
6+7V(mod 10),7V=—12=8(mod 10),V=7"'X8=3 X 8(mod 10) =4, % L&
(6.6.4),

WA 7 W B %% S s s S Uk ks

(y )" s WY = (2)° X 6" =82944(mod 11) =14
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(g)™"(mod p) = (7)*(mod 11) =4
(g”) = (y)" « WY (mod 11)
T AT .
5] 1-30 1% m = public key cryptography.
B¢ om SrdHNE
pu bl ic ke yc ry pt og ra ph yx
xRN B AR HE @ A 00,6 01, A 23,y R 24,15
1520 0111 0804 1004 2402 1724 1519 1406 1700 1507 2423
LSS —2H k15
m = 1520, p = 2539, g =2, x, — 14,
ya = 2" (mod 2539) = 16 384 (mod 2539) = 1150
1] A Rk m B S=1443.,
(S.p—1) = (1443,2538) = (1443,1095) = (384,1095) = (384,327)
= (57,327) = (57,42) = (13.42) = (13.3) =1
C, = 2" (mod 2539) = 2141
K = (1150)"* (mod 2539)
C, = 1520 X 1150"* (mod 2539) = 216
C = (2141,216),3Kk A,
A W R 5 i = A
m =(2141)"" « 0216(mod 2539) = 2452 « 0216 mod (2539)
=529 632(mod 2539) = 1520
W SR i 11 20 5 — 4 an b Bl ads s SR — 1 n] SR FH AN [R]#Y S (s A8 03 B2 Jm PR e
DLJG 28579 —F AR B 2R e AR S AN FE U

1.21 FHRFREIEFTRIK, Legender 75

EX 1-8 m & IFEE, (a.m)=1,%4 2*=a(mod m) A . WFK a & mod m W TF7
P 47 P =a(mod m) T, WFK a N mod m WIAENF-J7 4% .

B 1-31 mod 11,1*=1,2=4,3"=4,4*=5,5"=3,6"=3,7"=5,8=9,9"=4,10°=1.
PPl 1.3.4.5.9 & mod 11 (JFT57 R4 ,2.6.7.8.10 52 mod 11 ByAEFIr # 4.

S513. % p & — AR .a A p BAEEL N 2 =a(mod p) 5 A P mod p AR
HA) fif o 5% TC % .

E & 2*=a(mod p)A —f# 2o » LB 13 2= — 2, (mod p) &5 —1 mod p A [E4
1. (—x)* =xi=a(mod p) —x,Zx,(mod p), HN| 22,=0(mod p).,H p JE& R AL,
WX S A T HEY » pl g

ANEBHIMIPAD A B R, M AR 2 =20 Fl 2 =2, I L 2> =a(mod p), x5 =
ri=a(mod p) a5 —xi = (xo—x1) (2o +x1) s I (20 —21) (2o + 21 )=0(mod p), N p|(x, +
) pl (2o —a21) Bl 27=—2,(mod p) ,x21 =z, (mod p), Tl 2?*=a(mod p)H —ft, WA



e 32 12 B 22 A W # % Aok
WA S 7] 4% 0
Eﬂrmhp%ﬁﬁﬁﬂﬁﬂh&mm—ﬂ$mﬁpﬁ%w—D¢¥ﬁﬂ%%ﬂwﬂ)
AP RIS
ﬂE (1) %IzEu(mt}d p) ﬁ%aﬁﬁ#ﬂ‘%ﬂﬁ%@?@ P_l /i\'ﬁztlj ilaiza'”a
p—1
i—z o

4 Casp) =180 pla.TiTix p—1 MEIFIH RBER Tl (p—1) PHG 12,27,
@%ﬂi%umMp%¥ﬁﬁ%%zﬁ%w—n¢u

! _ 2
@naﬁwuﬁL$)ﬁ%@—n¢ﬁ¢mﬁﬁw¢%mwpm%mg

2
WA A

1gz<kgpg1, ffi 12 = £*(mod p)

(k— 0D (k+1) = 0(mod p)

| < htl< p—1, 1:z;/e—z<%

H—T11\2
NIt 1 =F* (mod P)%Kﬂﬁﬁhﬁi%ay\ﬁﬁ [*ZFk* (mod p)aﬂﬁﬁ% 1%,2° !'”9(1971) #h

= mod p WYFJ7 4% .

() FECap)=1,B80 pla p—1 18 a.p BERE.p HSa BEMH a<<p, MBI a
WEHRp—1,

1,2,---,p—1,ﬁi£i1,iz,---i%(p—nzqﬂﬁ?&%(p—l)/’iﬂzﬁﬂﬁw‘e,ﬂﬁ—:%
%w—n¢@%ﬁ%mMpm¢$ﬁﬁ%Ta

EIE 1-31. (Euler BYHI 5 K14 .

p—1

#r a &= mod p WFEFTF AN a * =1(mod p).

# b 8 mod p BIAETHFE AU 67 =—1(mod p).
E 2*=a(mod p) A r l<r<<p— 1.4 #E Euler EH »#?”=r"""=1(mod p).HJ

1
?fﬂ'_lj

a = (?)7?* D =,»"1=1(mod p)ea? ' =1(mod p) A p—1 TfH.: 1,2,+,p— 1,8

1 —1

(+'T —1) (2T +1)=0(mod p),2"T =1 fl 2T =—1(mod p),%ﬁ%(p—l)/’i“ﬂﬁéq
@ f& mod p B9 I R4 M ¥4 " =1(mod p), HAM +(p— DA mod p 4F 7 M

Al b7V =—1(mod p).,
EX 1-9: % p WA RE a A pla,Legender ﬁ%’(%}
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(1. 71 a & p W Fl R
0, p | a
— 1, % a & mod p WHEFT7 4

et

“::'r\s:

—
|

H Euler ¥ . A

(%)E oD (mod )
EIE 1-32: #7 a,=a,(mod p) ., M (%]:[%)

iE A

(D)=ai"” = ot = (% )(mod

() (%)= otmod
P P

| () (92 | <o, mm2es. p>0. FFLL A B “—l)z[“—zjzo
B (%) (%) |<zr a2 o (% )= (5 )=

i, (242 ()(5)(;)
p ANy p

iE (alaz---an]: (ayaza )TV = [ aZ"" (a_l)[a_z)_,.[“_n](mod pre Ik
3 )\ p) \p

(5= G- ()

— € PSR b kA .
. b* ¢ C b
1. | — |=|—|.A p/? . L — |=1.

e (p) (p)up*} ﬁﬁ’i(,p)

Wit 2. & p=dn+1. 0 —1 2 p B FITRE & p=4n-+3. 0 —1 2 p WIEF J7

% s B
(_—1j: (— DT
p

o (_71]=<—1)%w—n<mod b)) R TS CREF R 1 A — 1. B0 p] 2.

R

5y BRI E TS . (—71]2(—1)%@—” B

(_1)_ 1, p = 1(mod 4)
p _{—1.,. p =—1(mod 4)

1.22 H 8 & I

Gauss 5|32 B p=>2.(g.p) =1.0<Try <Trp<Te+<r,oy < po

o mod p 198~ KARRIRA
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Tl

« 34 - 1

p—1
q;ZQ&'”a—p 9

RN ERIA 5 7 =120 L st e B0k T

i)z(—l)h
a

. p—1 1 :
1 ’% ?IZPT_,MemU ?’n+1ﬁ?’n+2a'”e?’n+#%|37tﬂ:?]%lﬂ{ P Vat1 s P Ttz st p—

BN T

FHEL — 44

FLalo s sl P — Tup1 5" s P — Vot
mod p WP E AR 4, W54
r; Zr;(mod p)y 1<<i<j<n
HHGp—re)Z(p—r,y;) (mod p) . 1<i<j<_pu,
Fir L R 0EBH = (p—r) (mod p) s W] r, +r,=0(mod p) .M r,=sq.r;=tq(mod p), N
I (s+2)g=0(mod p) .

H(p,g) =1, s+t=0(mod p), XA 0<.~;,£<%p,'ﬁj{ stT¢t=0(mod p) AHEM
rk%(p—r‘a)(m(}d p)&mﬁt Flyrg&"'&rﬂyp_rn_{_l9"'&p_rn+Fiz]bT_]- &ﬁé’jﬁ% 1&2&"'&

e S

I I

5 = rirg e, (p— 1) (p—rp,) = (— D*ryryseret (mod p)

B HAA TR

1 o 2 p;l . qu_l = ALEI S (mod p)
i

(— I)Fr’lr"g'”?’p_—l qP_Tl = FIT2 " (mod p)
A

(— 1#g"T = 1(mod p)

HIEGS

P

Sl

e
I
Q\ﬁ
ol |
I

(— D*(mod p)
Iﬁlp>2,'ﬁ&(%):(—1)m

EIR 1-34: #57 p=8n+ 1. 2K p W HE &4 p=8n+3. 0 2 K p WAEF 17 %

4% B
(E): (— 5
p




iIE %2%%’]3@192!”'&]9—-;1%}' 2&4! ap 1 ]XIF_“ 2}" ﬁa% 2F>%paﬁﬂ F>%p&

FEARE TR T p BOEH

% p=8n+1,M p=4n—2n=12n,

2 p=8n+7, M p=4n+3—C2n+1)=2n+2.

27 p=8n+3, M p=4n+1—2n=2n+1,

& p=8n+5. 0 p=dn+2—2nt+1)=2n+1,

B2 p=8n1 Wf p HWEL.2 8 p WP ITHIR: Y p=8nL3 I o HAE.2 R p
-7 AR F 4

Y p=8n+1 Hq:mu%(pz—1)Ea;¢2n50(mod 2), p=8n+3 ai,mu%(ﬁ—nz

8n+2n+1=1(mod 2) ., VI (%J :(—1);'25—_
EIB 1-35(BEIEME): 77 p Mg PR AR % 0|

[ﬁ) (ij: (— 1) D3@D
q J\PpP

. , —1 —1 L.

qs2qs s pq
7 p' F#A[F I F 41X

QZL% p+r
ZQZL%JP‘FH

ii.Hi O<r£<p!!£:1a29”'apfaifﬁﬁ. Pr /i\ﬁ F1el2 0% a1y Eljﬁ n ’/i\”fj‘ﬂ:%j)aﬁ L /i\jt:‘l:

1 o g
?P, A4 ) & Ay sQz st s, Mby by b,

éh PEU@JP—{—ZL‘L +Eb

N H Gauss 5| B9k BH Al

Zh: Za! 2 —FJj):yp+Zn:af—iij
h=1 i=1 i=1 i=1

o
S

_ 1L, p—=1 p—1Y_1,..
h = (1+ 5 ]—8([) 1)

2 2



e 36 o 12 B 22 A By 8 & Stk

&
%(p?‘—l):ngrZaf—ih}
i=1 ji=1
FH Rip T P S =T
P11y S ha|,
g (g— 1) ;;=1L Jp ,up—f—ZZbJ
B &<]
v
ZL Jp—yp(m(}dZJ
h=1
I

i UQJ = p(mod 2)

h=1

m(L)= el
i Gauss 5| ¥ r] 15 e (— D = (— 1)r=
- %E
A (2)— 1y
ik
P g
T =5 =D 5@ =1D
F; \—P J P—1 Lq J 2 p 2 q

&;%‘:mn;—"—faw,,fh h=1.2, 0 s p sh=1,2,.q .
+- SR S | N ) w bk . .
xwzgﬁlq'—’g(P D51 VEMTEANE N p ar——OamUhq——ky’MJ

i pxq,o<h<p’=%<p—1>,J:itz:ﬁfﬁahua

e E L T EZ P L
ho ok hq hq ‘ SILT .
—— =0, /) p<< h —L~ k, 4k —L MIERL
SR 0 L O B LA kBT 20|
ML & <o R kR A A2 e g e D | A2 4
q q =1 -4
ﬁlﬁi.,?%
p q
hq kp | 1,01
2}&;J+FHM;J—Eﬁp D (g1
7 LA

[ﬁ)(ij 1)FPILMJ+ %IL%PJ — (_ 1)%(}&—1)%&;—1}
qQ J)\pP

Bl 1-32 #HARE p Mg B2 p=3(mod 1) ,¢=3(mod 4%,”1'](— = —

=
| _
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ijﬂ
p

Bl 133 pog VA — AN LT p=1(mod ) .,mu[éﬁ]:[

iE 4 p=4k+3,q=41+3, M

ﬂ) (i) _ 1)?(4k+3— )+ (4143—1) _
)

(52

[f](%}- (—1) T — (DT =
%)= (2)
p q
B 1-34  FIWr[E 433 22=438(mod 593) & & H f#% .
fi#. 593 R H.438=2X3X 73,

f’438‘*:(2 ('3 ('73
593 ) 593 /(593 )\593)°

[ A 503% 1 1 (592x594
2 :(_1)8(3 ) _(_1)8“ ‘ :(_1)?4K594:15
k )
( ): (— )T e [)23): (%): (—DFFD =— 1, (593 = 197 X 3+ 2)
9 1 —?—l | | z

( }—(—1)?"” S ’(%): (%)z (%)Z—L (593 = 73 X 8+ 9)

438 _ , )

5@3) —1, A4 +2=438(mod 593) JCfi# .

1-35  HCRATARER R ELL 3 7 4% 0

S ) 1yte-n- %(p—l}(ﬂ): _ %u—n(ﬁj

. p=>3 AL ‘Ff( ) (p) (=17 o =D ok
ii‘.'fﬁ";ft%i}k(—l}%‘?‘”%ﬂ[?]@lﬁlﬂwrl&Iﬁlﬂﬂ‘%—lgm(—l)%@—”: i

pEl(mOdiL)*ﬁﬁ(%j:lgf%pEI(mOdS) FJ& p=1(mod 12),

FH(_l)%c:p—n:_

p—d

4 p=—1(mod 4>,ﬁﬁ(§):—1,ﬁ= p=—1(mod 3), F R

p=—1(mod 12) .
L 32 p W HFEIRUIZE p=11(mod 12),

1.23 Jacobi fF =

Jacobi £7 5 J& 8 F AT S i)
ENX 1-10: % n =— a7 FBE, HREEEF N
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— p”ll Pif piﬁf
> a Min HZE, JHCObl?ij‘_’?( )XEXQHT

- G - G G -6
n pi‘ p’;? pf: | 28 P Pm

G b2 Legender 75

22 D (R D (/2 O (2 D B G AR RN A =g
5l 1-36 (45]_(32><5J_(3]X(5)_( D?2X (=1 =—1,4 n &KL

Jacobi 755 Al Lenender % B—BE {0 n 24 4R [ ] EVRRAT 02 =a(mod ) Fifit.
Ao W 0 A% (i) i 2 =a(mod 1) AR
BN p 5 BT 222 =a (mod ) 5 i+ 22 =a (mod p) 145 fit. [%]:1, [i]:
H(f]: 1 AT RE .

j=1

ﬁﬁfﬁﬁ(—]—lm x*=a(mod n) L ,a=2 m—l‘?;(z) [E)(%]:(—l)(—l):
n 15 3 O

1.fH 22=2(mod 15) JG i .
K +*=2(mod 3) fl ¥*=2(mod 5) JCfi# .
EIE 1-36: n 2ar IF% W .a .0 5n FH ZBEE N

(1) # a=b(mod n) EU( J (:jﬂ
o (2)-3)(2)

I.\H. ??. n

[ o
(3) —1)2(—1)70

w (2)-
n

iE 4 n=p) pi b
(D) % p & E pla W] a=b(mod p) AR Legender FF5 W EM: # a=b(mod p) .

(3 )-(2)
(£ G () - B - -

(2) Y Legender 55 (1) 2 H (%)(L}] (th

=G G -G =G G G G -G ) G
=(+)(7)

(3) H4E Legender 25 2 M0E T, 25 p B 2HL . mu[ pl)—<—1>*"?—1,a&
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F1E Hib
(_—1): (——ljﬁ (_—1.)32 .”[_ 1.)1{”: B (_ 1)51{?—1) Ezfpg—ll ﬁm"‘f";;_”
n A 2 Pm

n="[1+p— D1+ (p, — DIJ2[1+ (p, — 1]
K p—1 A% BT LU
(1+ (p; — 1% = A+ 1;(p; — 1)) (mod 4)
14+ (p, — DL+ (p, — DL =1+ 1L(p; — 1) +1;(p; — 1) (mod 4)

Jir DA
n=1+04LCp, — 1) +LC(p, —1) 4+ +1,(p,, —1)(mod 4)
n—1 __L{py — 1) loCpy — 1) b CHm — 1)
5 — 5 + 5 + eee 5 (mod 2)
i)
(_1):<—1)”%'
n

() # p REHLN [%}(—1)-"1—‘2&
- o o
GGG -G e
i = (14 (pf — DI+ (pf — DT wee[1 4 (ph — 1 T
H p?—1=0(mod 8),
1+ =D i =14+14(p; —1)(mod 64)
1+ 4P — DI+ 4pr— D] =1+ 1Lp2 — 1) +1,(p? — 1) (mod 64
n?=141,(p? — 1) 4+ 1, (p2 — 1) + == +1,,(p% — 1) (mod 64)

L (P2 —1)
g

I (PT—1) 1y (p5—1)
g 8 et

2

s —1_Lpi—D  Lpi—1D | L.(pn—1
g = g + g T+ e - A (mod &)
[
[1): (— D=
11
FI1E 1-37(EREE) . n Ml m %Eiﬂ’ﬂﬁﬁ"%ﬁeﬂﬂ(i](?j:(—l)%‘”
iE 2 m=p ps o p. ,n:qfl qiz -'-qu .
ﬂ B r ﬂ ﬁi B ¥ [ (-&-)ﬁia}-
)= G -
s \ a. s r ..
Li‘ _ i J _ & P
(”I) j=1[p}) EE( j)
Jir DA
m (T Ty (2 ) (2 )17
G )= T )T
1|

h

-

)
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(i1
(E](i): roos (_1);(5;)%(*—;') :(_1)5”2%(;)%(@;_2—'
1 ) \m i
rs 1 o b — 11 < 4
I:I_j[p} )ﬁ,—[q ): Zﬁf;‘(p )Zﬁf[q
S i\ T2 )45
w
y Pj_l m—1
;Huf( 2 ] 5 (mod 2)
. g — 1) n—1
;ﬁ’f( 5 ]— —(mod 2)
(i1
QAN P~—1') (Qf—l')_m—l n—1
G| T )P — y (mod 2)
;; ( 2 2 2

2)(z)- v
n T

TSI Jacobi f45 A B .
%a b EHRIEEN.a<b.% Ry=a.R,=b.
Ry=R,g+2%R,,S, & —dE % . R, 2 & IE 25 H Ik R, /)y
R, = R,q, + 2% R,
R, = R;q; + 2% R,

R, s =R, :q,» +2>2R,,
R, = R, 1q,, +2°1 X1
Hp S, AR BT AR, /N, j=2.3,,n—1,
2ZE I anF .
a =401, b=111
101 = 111 X 3+ 22 X 17
111 = 17X 6+42° X9
17 =9X 142 %1
R -1 R -1 R -1 Ry—1 R -1
T 1-38. 2 a aﬁ]z;;%_Iﬁs%ﬁr,aw;,(%):(—1)51T+"'+S”‘1 A A A

EFP%%%I Rj ﬂ Sj 1._;-‘.2192&'”9??_1 %thi#i%%ﬁiﬂi%—gﬁn
W H Jacobi A

)= (&)

1 H e e P




F1E W e 4]

R.
14 330 40 265 2 34 o @ﬁ(i)

a)_ ., RIZ—I.REZ— v, RS —1 &
(&)= v - ()

R;i—1 R;y;—1 R;—1 .
[RJ' l) (— 1) }2 ) H_z +5, 73 [ Ri )
RH‘l.

b

2

' 1112 —1 0. 1771 ,92—1 111—1,17—1_,17—1 , 9—1
ﬁlj 1'37 (%J:(—l) R g 13 g T2 7 T3 7 :10

=] Rl

1. 380K R AVEUE Y ged.

(1)(99,100) (2)C0,11) (3)(—12.18) (4)(100,102)

2. a IEBEE, K ged(asa+2),

3. #ra Mo FEIEEE, (a.0)=1380F(a+bya—0)=1 1 2.,

4., W asbsc BB MH (a,0)=(a,c)=1,iRUk(a,bc) =1,

5. AT A1 sAz st s SR, HA R NE o B IE BRI E (cay scas s oo sca,) =c(ay s

'.!‘an)o

6. #1 a-b = IEBELIE((a"—0") /(a—b) va—b)=n(a.b)" ' ,a—0b),
ra Mb BIEEK..(a.0)=1,1FE((a"—b")/(a—b)va—b)=(nsa—0b).

8. %:Clabafad %%ﬁi,b ﬂeﬂd %WE@!(&«!)):(EQd):ly a + ¢ ,EI: '%ﬁ!ﬁh:d

b d
9. M RR L HLAG 58K B 51 i 19 d5e R AR
(1) (666,1414) (2) (20785,44350)

10. @i ged MBS EY 45 5 .

11, SR RSB RUEE 5 1) ged.

(1) 70,98,105 (2) 280,330,405,490

12, K% 11 8 ged RNE ST RIBILYELS & .

13. FIH(a.0)=Ca—0b.0) 45 a b BBZAE a=>b.(a 0)=(a/2.b/2) 45 a b HBIEAH

B, (asb)="(a/2:b) 47 a = HEC A _E g R sk (2106 ,8318) .

14, m fln P FBE o KT 1098 RIEG@ ' —1.a"— 1) =a"" —1,
15. m Mln FBZEEE. (fos f2) = fonw s fm 5255 m > Fibonacci £, f, = f,—1 +

S n—2 , LA fH=f=1. oK 10

16. 3K 4 849 845 By & KUyt .
17, WA A TEBEOE A =1 FRE A IERBUEG A 4 1ERE?
18. 2K lem(6,10.,15),lem(7.,11,13),

lg. ZIFZIT H&I’J&i' %I%ﬁ Eiﬁ—iﬂz



. 42 - 5 R &AW & F A

max(asbsc) = a-+b-+c—min(a.b) —min(a.c) —min(b.c) + minCa.b.c)

abc(asb.c)
(a.b)(Ca.c)(b.c)

20¢ % uflqhqi' j_&%ﬂ?%ﬁ &ij:i[[:.

(asb.c) ab.acbc ] = abe

lemCash.c) =

la.b.c|Cab ac +bc) = abe
([asbllascls[bsc]) = (asb)(ase) s (bse) ]
21, IRUE 47 ay sas s s, AP HE R BRI [ a) vas st va, |=ajas " .
22. 45 asbyc EEE . c>0,a=b(mod ), M (a.0)=(b,c),
23. #ra;=b;,(mod m).j=1.2.sn.m ;=B E .a; b, ,j=1.2, n. =55, N

Zaj Zh(modm), Haj Hh(modm)

24. p E?ﬁaa ET&%&M ' (mod p)—a Hﬁﬁ%%ﬁ»fﬁlﬁma—umod p)ia=
—1(mod p).

25. SRR AN ANE R AR 7 BB

(1) 103x=444(mod 999)

(2) 3x=6(mod 9)

(3) 980x=1500(mod 1600)

(4) 15x=9(mod 25)

(5) 128x=833(mod 1001)

(6) 6 789 783xr=2474 010(mod 28 927 591)

26. Kf# x+ v,

(1) x=33(mod 99) ,y=32(mod 99)

(2) x=8(mod 98) ,y=9Z2(mod 98)

(3) x=9(mod 97) ,y=42(mod 97)

(4) x=89(mod 95) .y=16(mod 95)

27. KTV R A T R 4L i i
(x=2(mod 11)

‘(r=1(mod 2) r=3(mod 12)
(1) x=2(mod 3) (2) sx=4(mod 13)
x=3(mod 5) r=5(mod 17)

lx=6(mod 19)

28. 2K 2% (mod 5 157 437) .

29. FIH Fermat & BR824 ] 4% 5 #2119 i

(1) 7x=12(mod 17) (2) 4x=11(mod 19)

30. FJH Euler EHEK 3" mod 35,

31. a &M 32760 H R MYBEL,UE o' =1(mod 32 760) .
32. FIH Euler & P T 51 26 M W) 4% 7 #2 -



F1E #n e 43

(1) 52=3(mod 14)
(2) 3x=5(mod 16)
(3) 4x=7(mod 15)
33. FIH Euler %R 7' 19 f5e Jg — %K
34. M| Euler xR 500§l 7S 2 il F& 04 e s — 1oL .
35. # a M b & IER iRk
D(ab) = (a,b)DP(a)D(bH)/D((a,b))
36. A7 n JE IS, IE
(P(n) n J& by &L
(20(n)  n & T AL
37. #n BIEREL.QG) | (n— D n BT . 2L E=AARRZEH.
38. p=101,keye=23,m=good morning,(e,p—1)=1,c=m’(mod p) K% X,
39. p=29,e=5,c=m*(mod p),2RBE L. 01 0900 12 12 09 24 10 XF W it 3,
40. p=2591,e=13,c=m* (mod p),2K% L H 12 13 0902 0539 1208 1234 1103 1374
X R S
41, B RSA 21 (eyn) =(3.2669) ym=Dbest wishes, K% .
42. ©H RSA % (eyn)=(13,2747) , % X ¢ A : 2206 0755 0436 1165 1737,2K m.
43, UE 5 JE 6 B AR .2 J& 11 AR .
44, SRIET BB JFAR

D(2n) = |

(1) 4 (2) 5 (3) 10 (4) 13 (5) 18
45. R T o F5 %L .
(1) 2 85 455K (2) 10 £ 13 135 %K

(3) 10 8L 21 By 45 %X (4) 9 1 23 B8 %L

46, 3K 41*=1681 IJ—1 AR .

47. 3K mod 101 f—ANJFAR .

48. FI5E 53,59 ;&5 72 mod 179 WY,

49. 5} mod 23 KT AR 5 BFEHR.

50. RT3 R 77 #5 1 i

(1) 3*=2(mod 23) (2) 13*=5(mod 23)

5l 5 p B—A R A a Fb EAHE p BRIS B9 5%

. b
(1) # a=b(mod >,,mu[i]:[—]
a=—o(mod p b b
o (2)(5)-(2)
p )\ p p
2
(3) (‘“—]:1
p

52. RN HVBLE Fr A7 - J7 F AR
(1) 3 (2) 8 (3) 15 (4) 18  (5) 13 (6) 19
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5&-%%(%JD
(1) K Euler H|E (2) FIH Gauss 5| #

4. }k(%] !j:1!2!3!4a

0h. }k(%] !j:1!2!3!4!5!6o

56. UEAT p 2T & &L
(__3)_ 1, #i p=13{ 3(mod 8)
P [—1* 1 p=—118 —3(mod 8)

2r1+l 2t +1 ZIk_H E:H_1+l z:m—i-l

57‘ RF‘:I_[. ??:pl Pzz "'pk PH—] ”'pm

g FE—F 8. qfn. | | |
5)- @I

58. 2K 2*=1(mod 15) ITH UK .

59. 3K 2?=207(mod 100D) fIF 5 A .

60. K T4 [E 77 FE A [R] A 9 2 H

(1) x*=31(mod 75) (2) 2*=16(mod 105)

(3) 22=46(mod 231) (4) 22=1156(mod 322°7°11%)

61. 15 B il Legender £7 5 MU 1{H .
3 7 15 31
(1) (55) (2) (?5] (3) [101) (4) (EZI)
111 105
(5@1) (6) (1009)
62. x’=1(mod 15) ,>RKFr & 19 .

63. 22=207(mod 1001) ,:R fT 45 fi# .
64, 3R 22=482(mod 2773) MM .2773=47 X 59,

(5)
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2.1 Ef B
1. ERENX
WGRERIEEWNES EGC LEX —MizAfr hFEH" « "ERaE & X1z 50
R 4 A 51,

(D) #HEAM., M TET GCREEMNILEREa Mb. %7 a - b=c | c€EG,

(2) GEEFEN . & asb,c€EGM(a b)) s c=a- b+,

(3) fFIFEPANITC eo EMIFTERPANITC e €EG X G PAEEITLR e fHEB a = e=e * a=a.
(D) FEDITTER. X G PIME—TtR a . DfffEa 'fliaa'=a '+ a=e.

B 2-1 G=1{0,1,2,+,n—1}),mod n F&TF Ikl #t.

(D) HHE a.0€Giatb=c(mod n).ceG,

(2) #i 5 SR AT

(3) BfITC e=0€G,

(D FHEWITLEREYaEGn—a€EG.a '(mod n)=n—a€G,

Bl 2-2 G={1.2,.p—1}.p REE. KT mod p HIIL .G INHE.

(D) HHM a.0€G,a » b(mod p)=c N cEG,

(2) 45 H W AR ALOT

(3) Bfite=1,Ya€EG.a*e=e*a=a.

(4) Wit R R Fermat FF: ¢« '=1(mod p) . a ' =a’ *(mod p) €EG,
cosa sina

5] 2-3  HE % R—(

—Sslha  cosa

]m%ﬁﬁiﬁ@—nu&ﬁn

— slnag  CcOSa

(1) B AT
cosa sina \[ coOS sin
Ta ’ T‘g — . ﬁ ﬁ
—sinf  cosf
[ cosacosf3 — sinasinf  cosasinf + sinacosﬁJ

— cosacosf3 — sinasinf  cosacosf3 — sinasinf

[ cos(a +f3) sin(a+,8)]
. — T(a—l—ﬁ}
—sin(a + ) cos(a+f3)

(2) g5/
T, (TgeT,) = (T, Tg) T, =T, py
(3) it
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~ cosO  sin0 1 0
f?( ][ ]TQGG&TH'TQTQ'TETE

—sin0  cosO
(4) WILR
vVi,eG, T_,€G, T,-T_,=T,

2. EREE

al az - an

iﬁ A= {al slo e”'*ﬂn)eﬂ'_[ )%»ﬂ_{: ﬁj%ﬁ l'-T('f‘lrfl) ﬁ)?]f&’f‘t.le.

ola;) olay) - o(a,)
200 an, n DGR MEHET L 2l AN KR TF ) ADSHES 1S 5 B FR A 7 B X FREE
n=3m.1,2,3 BW4HEFA 123.132,213,231,312,321,
XF Y B A

1 2 3 1 2 3 1 2 3 1 2 3 1 2 3 1 2 3
1 2 3) W1 3 2) 21 3) 23 1) 31 2) (321

wm(l ; g)arcn(l - 3]&@%%@%.&@%&%%%&
32 1) (2 3 1

1 2 3) (1 2 3) (1 2 3) (3 2 1) (1 2 3
[3 2 1]'[2 3 1)[3 2 1}[1 3 2}[1 3 2}
BHRE 6 DESAERLIEG R 2-1 .
%21 BHE6EHRERENE

1 2 3 1 2 3 1 2 3 1 2 3 1 2 3 1 2 3
- (1 2 3) (1 3 2) (2 1 3) (2 3 1) (3 1 2) (3 2 1)
(12 3 (12 3\ (1 2 3 (1 2 3 (12 3 (1 2 3 (1 2 3
\1 2 3 1 2 3 13 2) 2 1 3) 2 3 1) (3 1 2) G 1)
(1 2 3 (1 2 3\ (1 2 3 (1 2 3 (12 3\ (1 2 3 (1 2 3
\1 3 2 1 3 2 1 2 3) 2 3 1) \Z2 1 3 (3 2 1) 3 1 2)
(12 3 (12 3\ (1 2 3 (1 2 3 (12 3\ (1 2 3 (1 2 3
2 1 3 (2 1 3 (3 1 2) 1 2 3) (3 2 1) 1 3 2) 2 3 1)
(12 3 (12 3\ (1 2 3 (1 2 3 (12 3\ (1 2 3 (1 2 3
2 3 1) 2 3 1) |3 2 1) 13 2) \3 1 2 1 2 3) 2 1 3)
1 2 3\ (12 3y (12 3 (1 2 3 1 2 3\ 12 3 (12 3
(3 1 2 (3 1 2 2 1 3) (3 2 1) (1 2 3 (2 3 1) 1l 3 2)
1 2 3\ (1 2 3\ (1 2 3 (1 2 3 1 2 3\ (1 2 3 (1 2 3
(3 2 1 3 2 1) (2 3 1) 3 1 2) (1 3 2 (2 1 3) 1 2 3)
MF 2-1 1] I,

(1) B AT
(2) Al &5 86 0FH %7, BAEZ A .

(1 2 3
(3) HAiJo J
\l 2 3

(4) WL,



F2F b5 A RRERFEIN < 47 -

1 2 3 Jl o(1) ¢(2) o¢(3)
c(1) o(2) o(3) 1 2 3

1 2 3 ](0(1) o(2) o(3)) (1 2 3
(1) o(2) o3 1 2 3 ) 1 2 3

2 | 2 | 2 |
H:ﬂn(l 3]5@@[3 : J[l 3}
301 2 12 3) 2 31

W ABLA B Y A AN T B2 g, e

(1 2 3\(1 2 3) (1 2 3)}(3 1 2) [1 2 3
(1 2 3)(1 2 3) (1 2 3)(2 1 3) [1 2 3)
2 1 3)3 1 2) 2 1 3)l1 3 2 1 3 2)
1 2 3\(1 2 3‘*;ﬁ 1 2 3)\/1 2 3
31 2Jl2 1 3) (21 3){3 1 2)

AR AL R RERR N Abel BEERACHREE
B n=3 WEB 1 Sy JHE, SEPR L n] 2R BIIE S, R B 40 AT F ] 50 1 46 40 K 3R

1 3 . . o . e .
l:l:ﬂn[g 1]3{%13)(2).@2(13),@1%&3&11{:,3%@&,2%@,@
a, a,; as ' Ay Qn
( J (a,az***a,)
ds ds Ay see A, ay
Ak
(1 2 3 H=0 DA HA 4
1 2 3 4\(1 3 2 4\(1 4 2 3
(1 2)(1 3)(1 4) =
2 1 3 4J\3 1 2 4)4 1 2 3
1234‘*[2134‘*2314
201 3 4)2 31 4)(2 3 4 1
1 2 3 4)\(2 3 1 4)
2 31 4)l2 3 4 1)
1 2 3 4
[ J(l 2 3 4)
2 3 1 4

Rl — A~ & e n] H X FRond e FLok L, X e 19 &7 (8 & i & e p ME — Sk 2, b
(1 2 3 4) =Xy el 247 &40,

R 2-1, S, M A KRR o L TRE A,

IE (S A R Y e R A e, e 5 e G o AR A, B D A
WT s T 45 A B B i i T s BRI TT (1) (2) o+ (i) A8 B 3, (8 B 300 1% 00 38 2 (B B o, iy

LA, RSBl

MKF S50 A5 Sy AT T T



e =2

T

e 48 17 &

S,: (1)(2)(3),(23),(12),(13),(123),(132),

A (1(2)(3),(123),(132),

S,: (1)(2)(3)(4),(12),(13),(14),(23),(24),(34),(123),(124),(132),(134),
(142),(143),(234) ,(243) ,(1234) ,(1243) ,(1324),(1342),(1423),(1432),(12)(34),
(13)(24),(41)(23) .

Ay (D2)@3)(4),(0123),(124),(132),(134),(142),(143),(234),(243),(12)
(34),(14)(23),(13)(24),

3. HRERMER

EIE 2-2. HEAVEAIJTREME—/Y .

WE AR ey Fl e, BRERE G MBI TG 010 =e) ve10, =e5 - T L) e =¢, .

EIE 2-3. 7 ab=ac. M b=c; %5 ba=ca .M b=rc,

iE #ab=ac, VaC€EGFHE a ' lia'a=e, /Ha "TEHT ab=uac W55 M i, iR
PR SN T (a ") b=(a ') e, ITLh b=c.

KB TTEUE ba=ca W b=c, B a ' HiH T ba=ca 55 W, RIS b=c.

EE 2-4: TN IR TR EME /),

E WA a WHTCERA ar "Ml a; ' vaa ' =esaa; ' =esaar ' =aa; ' ay ' =a; !

EIE 2-5: (ablmn) '=n ‘m b a

WE  Cabelmn)(n ' b ) = (abe i) (an” D) G b e ) = (abeerlm)
(m ' b ) =ee=C(aa ') =e
ARG B, HE U R N o R ME— 1Y, BRUE SR

EX2-1: ffGRER—TH.HEZGHTEME H KT G A% W, W Fx
HZEGHTH#HE.

EX2-2: G EMBELXHE G IR —PICE a . fFE TR/ IERE £, I
wara=at = WU b WIEE o WHEL.

kA

B 2-4 S, FHYICE(1234),(1234)(1234)=(13)(24),(13)(24)(1234)=1(1432),
(1432)(1234)=(1)(2)(3)(4) .k (1234 5 ¥ & 3.

4., 1BINEE

g =GB ITER. g WIREGE LBl gf=e ] S={g.g%, . g" ', g"=e},
MW SJEG M. oL S &l ¢ MAEMITTRER MG T4 G BEM T oo R AR vl Lo ht—
TG W% G OREAS B G2 IE 28 11

=1 12 ™.

2km

Ek:&’ﬁ (kzlyga"'alz)

:—} 4 . 3 o 11 . .
—11:1 -l -l =l 2mi
o }

1 . 1 1 Z .
I]Z — {eﬁm es m’ezm es™ et ﬁf’ &f"ﬁ €37 4e0 *'?3

ek T 2B ek R, A — B TR () ZM??H? {ez“i-ue"i ;s = br ¥ #F
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{e™ o7 ,e%“i} OB A { ™ et en ;e%“i} s 78 BT AE {5 LI LN ;e%“i} :
K THEERE 1 A4 5
(1) a€Gya WIREN na”=e WFE A nlm,
iE HRUEE BRE m AEn BIEEL I m=gn+r,. 0=<r<n,
a "ea'=e¢ca =asa"=a"=e,i X5 a RN n WIREMTIE .
RZ 4 m=qn, N a"=(a")!=e’=¢,
(2) asb€ G a WAREUN ny b WIHEEUN na s H iy snp) =1, 0 ab BIFEEN nan, .
E  ab BIFEEUN niny .

m_— _qgntr —

a a’

(ab)m™ = (a™ )" (O™ )M = e
Woab WAEECH n W nlnyny s Cab)™ =« b "=0"".MH «"=06"". 6] ¢« "=p",p"™ =
a "M =e,
[F] B g™ =" =e,
Wy nng s (nyame)) =180 ny | 0 B BR n, | 2 ) n=1lem (g ony) =Innyny « X nyn, | 2,

?’I|??1??2 !!J:ﬁv/l. nN—mn Nz .

(3) % a KR n N o ﬁ@&f‘éﬁ%(?;?mg

iE Hd"=(a) =) =e, 0] W " BWIEEAB IS n, & " B9IRECH mom 2 H
(a*)™=e W/ IEEEL,

k u.& p— .1 :k pum— 1 ! n
(a*)aw =(a")ab =e, T m k)

N (a*)"=e,a BWTEECH n K LL nlkm,

FIr LA km 5 B F o B8 BUEAE — IR B L i km=1 (f?;) =] (;n) ()T =¢, JiIf

n
(ﬂgk}o

e o BHERREI R — DU R EUE n IINEL.
EX 2-3: n IR RET BN n MIUR KN n RIER n=p B, p Z2— KT H
p—1AEMR, — A QGO RAR .,

5. BESHE

EX 2-4: % HZEG W a0 WEGTHEAEH PH—ICRH a, £13€ H P HY
— VLR .Hay ={ha, |h€EH}  FH Hay H HIEG W—"1ABEE. FFETE X e H X
H 1E G 1 — AR

HAFAE a, € Gra, & Hay [RIFE /2 Hay, 3 H AE G 9 X — A4 B 4 7T LLIE
Ha,(V1Ha, = B} Ha, M1 Ha, 152 56 & 25 48

£ G A BRAE, Al A FR A LA B 2D 5RAS

G = Ha, U Ha, U ** U Ha,, Ha,; () Ha; = D+ i.,j = 1,2, yr, 1% ],

PII=1.,m=




il
gy
AN
>
S
i
s
ES

« 50 o =8

6] A A] FE A2 5 45 19 93 i -
G=a HUa«xHU - U aH
T HEAIRE A R e .
(1) Ha L& TEMH —HZ.|Gl=r|HI.
(2) a€ G, a€ Ha, WK a HFEE Ha BIUE.
(3) XF Ha "4E—ITt &R b, 88 Ha=Hb.
(4) Ha=Hb W ERM: ab '€ H,
(5) BRIt HT 2R

6. BRIEMFN[E =

IDMGEE

Gy Fl Gy ZPIAHE A Gy F Gy [AAFAE — A — — X I T B 5 7o il L PR FR I 1Y 12 3
ARG BEAWAICE a A b, H I FAY W 5 45 T 3 A4 G,
TR WAL B £ Cab) = f(a) £(b) M BRI ASBE G,
MG, [ H G LG, £, K 2-1 iw.

Rk B DL PR

(1) GG,

(2) # G, 2G, .G, 2G; M| G, 26, .

(3) %5 G\ L2G, . MG f 4% G, W AE TEW ST N G, 21 BERYT A
[ LA T

(4) #7 G226, N G,26, .

(3) f¥G, BFILER a MWL EBG A G, B f(a) '

(6) G, FHFPITTR a MIEEBZE () MFEEL,

(7 AR G A f (@) f()=f) fla),

(8) & GLG,,H &2 G MTF RN ERM F(HD R f(GTRE,

B 2-5 G=C(a,sas azsa;) G, ="1{e,(12)(34),(13)(24),(14)(23)} \GLG, , ] WAF
TE f: [ fla)=es f(ay) =(12)(34) ., f(ay) =(13)(24), f(a,) =(14)(23),

a] LSS R R AT Gy BERY IS AT

= f{a) (D)

e |a, a; as ay . e (12)(34) (13)(24) (14)(23)
a1 |an a» as as (12)(34) e (12)(34)  (13)(24)  (14)(23)
@ lar a1 as as S (12)(34) | (12)(34) e (14)(23)  (13)(24)
as |as ai a1 a (13)(24) | (13)(24)  (14)(23) e (12)(34)
(@) |as as az a (14)(23) | (14)(23)  (13)(24)  (12)(34) e
G, G,
2) [

HAFENEE G B G, iYW FLF OREFREAY LA, AR G G A [FZS.
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GNG R &l 2-2 frow .,

[) A4 A2 R R Y ] 2%, (B[R] 8 A — 2E A2 Rl A

11 GGG T E G, FER P T R N T RES
K. ¥ RIS K={a€EG|F(a)=c¢}.

EIE 2-6: [: GOG,, f BRI FTEEFRMNE K=
{e},

iE WELRMERARNGST, RENE SR 4 1F. g K=
{e} JIE f&—XF— LGS, N AR, f(a)=f(b)sa,bEG, B a,b 7E f BB T 115
e [d] — A KRG HE Y S A8 P i o Wi oe R WA 3 Gy 2 f(@) I JT R, f(ab™ ') =
fla) fh) t=e,ab ' €EK.K={e} . i ab ™' =e.a=b,f VL f E——XF I,

3) IEHLF S5 RiBE

X REAEG AHG, MREESHH . K={a€G|IF(a)=e }.e; & G, WHAIIG. K &
G W —NTRL.K 2RSSR oK M Ka 75 FERTHBEZE F (@)% H &G 1)
THE.G X H ARG X H AR R #2200, W H G BIERLTRE.

Va3 R = S /W £

H X G BB 5 57 i -

F(b)

== Fla)F(h)

K 2-2 BERYIES

G=HU Ha, U -+ U Ha,
W HZG 3G, FEMNMZ.G BITER: f(e), f(a) .. f(a,) . HT f RSB,
fCayaz) = fCay) fasy) .,
Hh TAER] H 2R SBS ME AERE TR NWES F={H.Ha,.***.Ha,}.2& L F
iz% . Ha;Ha;=Haa; Haa; & H i—1F54E IE F 768 L8 570 BRE .
(1) A TE AT
(2) (Ha; » Ha;)Ha, =(Ha,a;)Ha,=H(aa;)a,=Ha;(a;a,) =Ha:Ha a,
= Ha;(Haja,) =Ha;(Ha;Ha,) .
(3) He 5ife F WHAITC,
(4) 47 a; '€ Ha,; , | Ha,Ha;'=H=He,(Ha,) '=Ha; "',

A F i 0 A B FRR G X H IR s

2.2 B R 13
1. BRIFAENX

EX 2-5: G F={abs) X FRICHRE XL +7.% « 7 IF 02 UL T =A% 1F .

(D) F,: F IR X T +7s 5l ac it . 2 Hp Ao h O,

(2) Fy: F\NAOJILER . KT 5 = "R il ss # ¥

(3) Fi: B W Bl avboc€EFoa*x (b+c)=a*b+a*c,

B, p R FZEHT F={0,1,2,+,p—1} KT mod p ML (+) S ek € » ) Fa pli s,
JTCRFCH AR B A R,



e §7 e

1

Tl

B2 A ) B A A

Bl 2-6 p=5.F=1{0,1,2,3,4).7F mod 5 B X FRTF“+7 L™ % "Fy pl
+10 1 2 3 4 x |1 2 3 4
oo 1 2 3 4 L1 2 3 4
1 ({1 2 3 4 0 ol s 4 1 3
212 3 4 0 1
303 4 0 1 2 3138 1 4 2
414 0o 1 2 3 414 3 2 1
15'] 2-7 F:{Oq]_qzvf"'!p_l:’&p I%%‘%ﬁﬁﬁ H10dPE@L%TS{F%?“‘F”*”“%”%“JE

W, BN Galois 30,2 LA GF(p) .,

& H A GF(2) Bl GF(2)=1{0,1}.
5 2-8 F={0,1,x,1+x. 2% 1+ ata* 1+t 4 GFQ2) | RT*+ "M il AS i,
fE mod(1+a+2®) B LT F\{0) kT = "dy 1l 22 e it

* 1 x 1+ 2’ 1+ 2° xt+at | 1+a+at
1 1 x 1+ 2’ 1+a° x+at | 1+at+at
x x x° xta’ 1+ 1 l+x+2°| 1+2°
1+ 1+ x+ 1+2* |1+x+2° x’ 1 x
x’ x’ l+x |[1+ax+a*| xt+a° x 1+ x° 1
1+ x* 1+ a° 1 2’ x l+ax+2° 1+ xt+x°
xt+a’ xt+at | 1+at+at 1 1+ 27 1+ x 2’
l+ax+2° | 1+xa+2* | 1+2° x 1 x+ 2’ x° 1+
VL (1 +22) (e+22) R,

(1+2)(x+2%) =2+ 22+ + 2 (1 +x+2%) + 28
=2*(mod(l +x+2*)) =2+ 1

x11
el e S S el S
P+ +x

I3

a1
x +1
NimA+a+2H)(+ataH)=1+2 2" =x+1(mod(1+ax+2*))
7

2 +txt1 /
—)

L
2 tatl/) st +2 +l
 ta2ttx
z 1

EX 2-6: f£ F 3 b —~Z 030, AR R~ IOk T 2 01 0y 2 300 20 1L,
iz Z AN TE F U R4,
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DL 1+ 2% FE S8 F 2 AL 21 HAE GF(2) B2 nf {251 .
l+a2* =+ +2)

2 +r+1 7 GF(z)ﬁELx%%T{t%@ ) s mod(2® + o+ DI GF(2°) 3.
=1, 2'=2, 2y 2 =x+1, =242, 2=+ =2+x+1,
20 = 2+ 2 +1—12+1, =t r=1
'+ 1A GF2) BB ZEA AR, mod(2' +2+ D GF(2%) BY .

=1, x, 2, 2*, 2*=a+1, 2 =2"+=x,

=242, A==+, A==+

=2 +xr, M=+ =Fc+1, =L+

=t = e+, ==+,

M=t =241, A=t Fe=1
2. BREBVERIER

CH GE(p™) /& GF2M) 4R

B 2-7: W p~ (D ZEREAE GF(p) W) m IRA ALy i) Z2 30 50, MR 7 <<m— 1,
REAE GF(p) LT 232, X F mod p* ()W —Fih pm 19 GF (pm) 8.

B 2-9 £ GF(3) EARAEA 2 p* (o) =2+tx+2,mod p~ () FH
=1, z, 22 =2x+1, 2 =2224+2x2=2Qx+1) +x=2x+ 2,
=21 4+2xr=2Qx+1)+2xr=2, 2P*=2x, 2 =222=2Qxr+1) =x+2,
=242 =QCx+ D+ 2xr=x+1, PP=2PF+r=0CLx+ 1) +x=1
R GF(3%) 1. 0,1,2,x,2+1,2+2.2x, 20+ 1,20+ 2 ¥ pli 3l .

3. ARBNFES TENEEH

GF(p) M GF(p) EBREA RS .GF(p) & GF () W /N T30, p 1E R GF (p™) (HR1E
B 2-8: AMRBMITESHERE p W H.
iE 1 RARTENRAIIC. F={fo. fro 2 fu=for T 1o fon=Fn s oA EF A
BR fosfrsee 5 —w i fo="Fetes fore —JFo=Ses B fe=0sfosfrss feor BT AMIA,
c iR F R IE . c WARREZEL.E AR R c=ab. 1<<a<<c, f, = f.fss f. =0, [, 70, [, 70,
X = AT RE .
TCEMIEEGE X : a € F M o' =1 W/ IEEE ¢, RN a WIFEEL,
5 2-10 GF(11)={0,1,2,++,10},3€GF(11),3'=3,3"=4,3"=27=5,3'=81=1,
3°=243=1 (mod n) .3 MFEEH 5.5/ 10,
BB 2-11 GF(2*)={0,1l.x.x+ 1.2 2"+ 1, 2+2* 22 +2+1},
a=x+t1.,mod(z*+x+1),
(xt+ D (x+1D)=2"+1,(x+1)°=2"+2*txr+1=2",
(rt+D'=2*(x+D=2+2"=2"+2+1,
(r+D’'=+D&E+trt+D=2"+1=x,(mod (* +x+1)),
(r+D°=z(xt+D=z2"+2.(mod (*+2x+1)),




B2 a0 B AL A

il

« 04 - 1

(r+D'=("+o)(x+ D=2+ 2r=1,(mod (F*+x+1)).

(x+1DRIFEEGE 7.

B 2-9. % F(x) BRBAEGF(p) Wm R —ZW. N F(o)=0 %ZAH m V&
T GF(p) BIAE AR .

iE HEBCABEAE m=1 8 B IERNRE FoO)BIRTT/NTF m B8 BIE# A1
fE dEGF(p) {fi F(a)=0,M|

F(x) = q(a)(x—d)

1 F(OAR BFZa . Ml F(BO=0,HIt ¢(B=0.qC) IR T /NTF m.q(x)=0 IR JE T
GF(pO)WAEE m— 14 F(ao)=0 IRETF GF(p) B AT m -,

5l —F5 5 OCa) ER a %L,

Bl ¥ O =10 O(at) =

(kyl)°
W % a0,a"=1.491Mm1¥2 OCa) | s,

A d= kD .k at(7) =¢'(7) =(HT =1,

e O(a®) ‘ (i] 2O =h 0 ™ =1,1lhk, XN d=.0) SAFTEPNEEE o M

d
B d=ak+pl.dh=ahk+plh.
_ [ l l
S N N LTl ) == .
4| Rk e ] [d)‘()(m B O = L= L

) 2-12 F=1{0.1.2,++.10} .mod 13 f4
=2, p'=4, p'=8, B'=16=3. p'=6, p'=12,
f=11. p'=9, p'=5, p'=10, =7, p*=
12

02) =12, 02 = 2 =6,

0(2) = (1;?3) — 4, 0@ = (1;?4) — 3,
0(2%) = (1;?5) — 12, O2%) = (136) — 2,
027) = (1;?7) — 12, O2%) = (1;?8) — 3,
0(2°) = (1;?9) — 4, O2°) = (121!210) — 6,

O =12, 0% =1,
B=2, O, h=0,1.2,,12,
ANFEFRECHN 5.8,9,10,11 BFRECH 12 WA 4 4, B O2),002°),0027),0(21) ,

WAELL F=1{0,1,2,+,12} K ,mod 13 A
O =1, 0O2) =12, 0O3) =3.3"=9, 3 =21=1,
O4) =6:42=3, 4°=12, 4'=48=9, 4°=36=10, 4°
O(5) =4: 5" =12, 5 =8, 5 =1,
O6) =12, 6°=10, 6*°=8, 6'=48=9, 6 =54=2, 6" =12,

Il
ol
-
I
(-
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n
n
.

6 =72=7, 6°=42=3, 6°=18=5, 6" =30=4.6"=24=11,
6" =66 =1,

o) =12.7"=7, 7"=49=10, 7"=70=5, 7'=35
7P=63=11, 7*=7T=12, 7T"=84=6, 7°=42=3,
'=21=8, T"=56=4, TM"=28=2, T"=14=1,
O8) =4. 88 =64=12, 8 =96=5, 8§ =40=1.
09 =3:.9=81=3, P=2T=1,

0O(10) =6, 10* =100=9, 10°=90=12., 10'=120= 3,

10°=30=14, 10°=40=1,

Ol =12: 11" =121=4, 11°=44=5, 11'=55=3, 11I"’=33=7,
11°=77=12, 11"=132=2, 11*=22=9, 11°’=99=28, 11" =88=10,
11" =110=6, 11¥" =66=1,

O(12) = 2. 12 = 144 = 1,

B 2-13 p(x)=z2"+2*+2*+xr+1.mod p() GF(2*) i 16 P& . 0.1, 2,0+
l.x* 2"+ 1,2 tx, 2"+t 1, 2%, 2+ 1,2t 2t 1,2 2,2+ + 1,27+ +
o'ttt at1,

He, l.e,a+1 WIEEWF . (mod (&' +2° +2° 2+ 1))A

O(1) =1,

O(x) =5: 2% 2, 2=+ +x+1, 22=2+22+22+xr=1,
N(x+1)=15: (a+D?*=2*+1, (x+1)P=GGF+Da+D)=>+22+x+1,
(x+D'=0GC+D*=2"+1=2"+2"+=x,

9,

(r+1)=+DD@XPH+2**F+)=atrar=22+222+1,
(x+Df=Ga+DEP+224+D) =24+ +x+1=2°,
(z+1D'=2+ D)= 422="24+2+1,

(r+1D)P=((+D&*+x+1) =2°+1,

(r+ 1) =(xr+D(2+ D=2+ +x+1= 2%,
(r+ D" =2+ 27,

(r+D'"=G@P+2D) @+ =2 +2?2=2+a+1,
(r+D¥ =G+D@F@P+r+D =24+ +224+1=x,
(r+D" =G+ D=2+ x,

(r+ D" =(x+ D@+ 2) =2° +x,
(r+DP=G+DH@PH+oy=2"+22+22+ =1,

4, RETEZMHR/NMZINK.F2XTFGF(p) B GF(p™) i,

F*=F\{0} & FRELMWM Abel #f M ZTEHREE: (1.g.g" gt ar=p"—1,
XM ITLER ¢ A GF (p) AR ITTR W E F~ BFNAEMITE.

FICUE GF(p™) FItE a il /& 2" —2=0,

1 M) B REAE GF(p) L —Z I ko7 i I8 #F i M) =0, M FK M(2) /&
GF(p™) FIL & o /N2 Ik,



o
gy
A
>
T
ok
i
e
=l

e 56 e

#lan.GF2") sm(x)=z"+x+1,H
(D TR 0 (/N2 I x,
(2) JBER 1 (/208 2+ 1,
(3) ARBICK a WM ZAN o' +a+1,
(D) RFICE a MWW TTR o /N ZIA 2 +2° 11,
W HWaa '=1.0a=G ) @) " "+ @ H ' +1=0. a3 |15
(a )+ (@ ')+ (@ D)'"=0,ta " TE 2" +2*+1=0,
Bl 2-14 K GF(2Y) I & /b Zm,
WHN a2 Ta, 2 tasx? ta,xt+as=0.a, a0 sas ya, sas & 520, B
a; (@)t a, (@) +as(a®)* +a, (@) a5 = 0

(5]
a‘t=a+1l, a"=d+a, " =da+a, d=d+d=da+a+t+1,
a®=a" +a"+ta=a+1, a°=d+a, ad*=dad"+a*=d"+a+1,
a'=a*+ad"+a, a?"=dad"+a +adF=d+a"+a+t+1,
a*=a"'+ad+adta=ad+a*+1, ad*=a"+ad’ta=a+1,
a®>=a'"t+a=1,
Jir L
a(a®+a +ta+1)+aa®+a) +az3a® +a*) +a, (@) +as =0
(ay +a; ‘ta; +a =X
a + a; =0
4{11 + a = 0
a, +as =0
Jir L)

as +a, = 0sa, +a;, =0, a; t+a, =0, a, ta; =0

Zra, =0 a,=a:=a,=as; =0 NEERK ¥ a,70.

ATl G /N2, '+ 22+ 2+ 1=0. 0 e, =as=a, =a, =as=1.

B mod (&' +x+1) B GF(2Y) 1y 15 MEFILE FAE Bt/ 2 5 5 T 5

(1) asa®sa " WM /NZIHN 2 +2+1,

(2) a®,a° v @ M/ NZ I '+ttt 1,

(3) & B /h 2 2+t 1.

(4) o' o' o a ' N Z I o 21,

I 2-10: #7 f(x) €EGF(p™) M) 52 B /NI, W M) Z AR .

iE WA AR M) =M, (x)M, (x), M, (x) Fl M, () IR TTHEK T 0, M(B) =
M, (BM, (=0, M'FE M, (=08 M, (®=0,5M/NEmRXEREMTE.

FHE 2-11. % M(2) B ZRETEGF(p) ML M) =0, 00 M(x) |M(x) M(x) &
L N2 =

i WA M (2) =qg(x)M(x) +r(x),
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r(O IR ITNT M) MR =0 S r(B) =0 F5FF .

r(x) = 0,M(zx) = g(x)M(x)
T 2-12: GF(p™) FRE KT N d WE—ZTXM () od|m, W M) |27 — 2.
iE 4 m=dn,.mod M(x) =4 — GF(p*) 3,3 H BEGF(p*) . ffi M(B) =0, fi H
GF(p") b4 —TTEWRE GF(p) T E Wil e 2" —x=a" —2=0,
X B REE M () =0 BIAR 2 " —x MR, M) [ 27" — =,

5. AL A% N

(1) —IRAAMEA I Z I, xo 041,

(2) ZIRATA N Z I, 2+ o+ 1,

HAfh — Ik A2, 2% 22+ 1=(x+D* 2 +ar=x(x+1).

(3) =X I AMAZm . o+ +1,2°+x+1,

Hih = m2m= ° +1=(x+1)°.2° ta=xG*+D=x(a+D*,2° +2" =2+ 1),
2ttt ar=x( e t+1),

(1) Wk AANA Zm= . ' +o+1. 2 23+l a3+ e+ 1,

H At O Yk 22 3t =0 AR AT 4 i

>] RN

CIEeK S Al A

E n BRI B — D IOC R CE RN R n 1%L

CRCR p MEARRERAE TR . p B R

X Sy BRI T RE IR B 2 D A0 B AR a2

. GF2) om() =2 +22+1,3R GF(2®) M E IR e+ 8%
6. F={0,1,2,+-+,10),ik>K mod 11 HH & ITT XI55 .

= w D =

n
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3.1 Pollard p—1 BA# 57 %

RSA 7081 % 05 04 H 30 . IR 1T AT 6F K& 0 il 0 A7 BF 9% 09 38380 . an 2R = pq B
O3 ) W RSA R 4t 8% X wl . oy DL 20 200 358 5 4 p R g 18 2 43 % 1 43 TR HE 5 A
A] fig .

I SO AR B A R S T 9l A H Bt . 1994 4F 4 H . Lenstra ¢ %
) 55 [ B REAAR 25 600 ASEr T 1600 &5 HLAE N & VE . 4L 7% 38 4~ H ny Bt [a],
i ] T PR O RSA129 XK a8 129 {7 i+ 2 il 2

1999 4 8 A . i1 6 PEZE BB A=K A iy AT BN ¥ RSALS55 43 il 2

RSA155 = 1094 173 864 157 052 742 180 970 732 204 035 761 200 373 294 544 920 599
013 842 131 476 349 984 288 934 784 717 997 257 891 267 332 497 625 752
899 781 833 797 076 537 244 027 146 743 531 593 354 333 897
» = 102 639592 829 741 105 772 054 196 573 991 675 900 716 567 808 038 066 803 341
033 521 790 711 307 779
g = 106 603 488 380 168 454 820 927 220 360 012 878 679 207 958 575 989 291 522 270
608 237 193 062 808 643

ST B AT 2 A e AL BEEG IN 10 A7 - 2E i, i ) B 2R RS 10 4% . F&
WA T n B 200 457+ o il BOR 2 AR 22 41 .

A 2] p—1 N & oy i ik, 58 Pollardr p—1 [N &U i i o ABCE ZEXT n A7 DI EC
it piEn R — DB p— 1 AAFTE KRB R ZCH ., W R g @Y 7 i o] fE 4k i A
2 op.

S1 e —3% kb EK kAR B /N Ir A B A58 tbin A=B1.

S2 FE 2~n—2 [HJHL—% a, ] LA 2 8% 3. ] LAZREHLAY .

S3 1A ¢t . (mod n) .

S4 A ML G555 d= (a* on)

S5 # d AN n BYAEF PLEREL, WS B e £E « F & 5% ST EHT 46 .

BRI 2. AT AT BHETBIWARRR.p 2nWHF .45 p—1
/NF BWRAMW BRI £ E p—1 WA E. R Fermat % M «*=1(mod
) s Bl

p | ged(a® —1,n)
R AT RE = H T «* =1, (mod n) .
B n=>540 143, B=8,k=B!=840,a=2,2%° (mod n)=53 047,
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540 143 = 10 X 53 046 + 9683
9683 = 540 143 — 10 X 53 046
53 046 = 5 X 9683 + 4631
4631 = 53 046 — 5 X 9683
9683 = 2 X 4631 + 421
421 = 9683 — 2 X 4631
41631=11X421, LA ged(53 046,540 143) =421,540 143=1283 X421,
540 143 Z Wr LABE B it 2 T 421 —1=420=2% X3 X7,
BI 540 143 & — [N %L 421,771 421 W fir A BRI R AR 2 /NRE . 5 p—1 ik 2
A p+1 Jrffik B0 p41 nl 8 o3 i S /N 2 BOR TR S p 28 n WY D, n W] 4 N8R or i

HIs =, —1—Hp i p+1= iTq; :

T pi<B.q; <B Iz T@ﬁU%’ﬁ‘fﬁ
X P (5 B RSA 1Y n=pq, HERXS p—1 F p+1 A B A S/ &R
q 'L—-ﬁ%zﬁkq—l,q+1 ANAFTE /NI IEL

3.2 ESHEHEESRERE

%S{ aﬁ+

al+ﬂg+

1

J:H[{l{] sl sy +** 'ﬂlm]%T ?_’jj f%ﬁ I:I:' {,I{)EZ&H 6 \J 1< <:n %‘ HI_"mﬁnu
%ﬁ%[dﬂ Hill'r”']o

AR B — A B

5138 . AT —A BEHR aT DL A BR 89 3% 73 B3R s

WEUEW] A 3o R R OR I 4 R A R M TR A L B R A R S

So=as51 =055 =qiSit1 T Siv2 s 0810050415120 FLF 5,4, =0 N1k X m N A7 8EEL,

+

Sm — t;rﬁuz-";rn—l—]
it )
fg:f_o:qasl‘ﬂz:qui:qﬂJr ‘-‘fz |
) Ay Ay A (1 Sz +53
| 1 1 1
=qo 1 T % T @ ] = Qo 1 ] =
53
— (
a1 5 ¢+ 5 G+ 0253 T s n +




.+ 60 - 5 R &AW F A

=q, + ! 1 = q + L ]
+ +
@ q2+ @ Qz+
Sm—l— ]_
Q‘m—l + ] qm—l +_
Son Um
% A PAHE T 2 qo vq1 o= 0@ | KRR 1q; =041,
=1 EJ:H% F A FB
S1 so<a.s1;<b,i<0,
S? Si — (i8S i+ +3{+2 ;I*_I+1 o
S3 % 5:‘4—2:03mu% 54;75“%]% S2Z,
S4 i Lqgosqrsosqum s i m 42 5,4, =0,
Bl3-1 [1.2.2.2]=11+ 11 —1+ 11 —1+ 12 =1+%=%
21 2+ — 21+ —
24+ = ’
2 2
1 1
1§IJ 3'2 [_292&4&2'4]:_2+ 1 :_2+ 1
2+ ] 2+ ]
4+ 4t
2+ £
4 4
-t =2
2+ 1 2+4‘—0
44—
9
o L 5,40 138
= —2+gg = 2tg o
40
%l 3-3 %=1+1‘—“‘2=1+1—12=1+ 12 —1+ 11 —1+ 11 —1,2,2,2]
= 2+ 24— 24 ——
: ° o 241
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Bl3a4 — P =4 =—ptp =9y L _ =94 |
RN A T B
10 10 40
9
— et =t ——2+ !
2+ 1 21 ] 21
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5 3-5
294 185 1 1 14 1
159 159 159 |4 24 Ll
135 135 135
24
—1+ 11 =1+ 11 = 1+ 11
1+ 1+ L+
- 15 -, 1 - 1
S+ = Ot o O 1
24 24 1+i
15 15
—1 -+ 11 = 1+ 11
1 + 1 1 + ]
5+ 1 5+ ]
1+ 1+
1o 1+ 5
9 9
1 11 —[1.1.5,1,1,1,2]
1+ 1
5+
14 !
14 11
14

ﬂaiﬁ n %fﬁwﬁ%ﬁﬁ%ﬁ- LJT@%:%BE mod n Tiﬂ“?T D 1< 0.by<a,= '\./; Lo An—
) 9f}§q(m0d ??)u

L i=1,2,3, - AT LA FIE5, IF WL b2 (mod n) FIF 1544 4L,

“f"‘{ ! J v~ 4 b~ abiy Fbays (modn), b2, (mod n).
T i—1 -1

15— W AT B i /N BB R A B R BOE B XA 02 (mod n) . A JE T B
fit) DR LA ) B 8
B 3-6 3K 9073 Y KB A it (LFR 3-1),
i =0
by =1s by =a, =1+/9073 |= 95, =z, = /9073 — 95,

hg — 9025- (m(}d ??) — 4:8- (de ﬂ)
: = 1

a —L 1 J_L«/9073+95J_3

1 - — .
/9073 — 95 48

N 1 g /9073 + 95 3 /9073 — 49

A1 — p— — .
V9073 — 95 48 48

h] — ﬂlf?[} —{_(}'_1 = 3 X 95+1 — 286
by = 81796 = 139, (mod n)
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[ = 2
. _L 48 J_L48(ﬂ/9073+49>J_1
g = == — .
/9073 — 49 6672
i 48 B 97 — /9073
A2 T - )
/9073 — 49 /9073 — 49

bg — Eizbl +I’Jg — 286+95 — 381,

b: = 145161 =— 7.(mod n)
3
] 49073 —49 |
Uy — — 26&
97 — 4/9073
. v/ 9073 — 49 _ 95
A3 »
97 — /9073
by = a; *» by, +b; = 26 X 381 +286 = 10192 =1119.,(mod n) .
b:(mod n) = 1252 161,(mod n) = 87

] =

1 — 4
ay — 2y !3,1 = 2619 J)ﬁ-_.(mod n) =— 27
*x 31 fl3-63%
Di

—1 p 3 7 87 139
b? (mod n)
—48=—2"X3 1 4 1
139 1
—7=—1X7 1 1
87 1
—27=—3° 1 3

M 3-1 7] WL i=0.4 B F4T4 5 (1,4,1,0,0,0)F1(1,0,3,0,0,0),
X P 1T 1 1 25 A fE A
(B2 (b}) = (—48) X (—27) = 42 X 92, (mod 9073),
bob, = 95 X 2619 = 248 805, = 3834, (mod 9073),
(3834)% = (36)%, (mod 9073),
ged(3834 + 36,9073) = ged(3870,9073) = 43.
9073 = 211 X 43
Bl 3-7  43fiE 637 753(WLF 3-2) .
i =0

b, =1, b, =|/637753 |= 798,
b: = 636 804 = 22 X 3% X 1789,

Uy — 798-

To = /637 753 — 798
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i =1
1
- :L /637 753—798J: g
— 1 799 — V637753
/637 753 — 798 /637 753 — 798
by = b, +b_y = 798 +1 = 799,
b = 638 401 = 648, (mod n)
648 = 2% X 3
i = 2
“ :L V637 753—798J: 1)
799 — /637 753
. = V637753 =798 _ _ 24/637 753 —1597 !
799 — /637 753 799 — /637 753
b, = b, + b, = 799 + 798 = 1597,
b = 2550409 =— 603, (mod n) ,
— 603 = (— 1) X (3) X (201) = (— 1) X (3)2 X (67)
i =3
. :L 799 — /637 753 J: 2.
2 /637 753 — 1597
o = 199 — V637753, _ 3993 —3 /637753
2/637 753 — 1597 2./637 753 — 1597
b, = 2 X 1597 + 799 = 3993,
b = 15944 049 = 224,(mod n), 224 = 2° X7
UG A A ——% i Ra0A %,
M B=(—1,2,3.,7,13.59,67,73}
x32 BI37%
pi
b (mod —1 2 3 7 13 59 67 73
—13X73 1 1 1
2331 1
— 3% X 67 1 1
—> 2°7 1 1
— 3 X349
3 X149
— 907
—> 23 X 3% X7 1 1
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by = 3993, (mod n), b, =114 199, (mod n)

3993 X 114 199 = 3212, (mod n)

(3212)* = 2° X 3* X 7®*(mod n), BP(3212)* = (2 X 3 X 7)*,(mod n) .
2" X3 X7 =336,

gcd(3212 + 336,637 753) = ged(3548,637 753) = 887,
ged(3212 — 336,637 753) = ged(2876,637 753) = 719,

887 X 719 = 637 753

3.3 Pollard pi&

Pollard p ¥ HIEA Ay . PEME [ Z, > Z, v 20 € Z, s i = f(2i-1) i >0, Fr B Y
G 2o sxr sy s N Z, ST B FEHLET 51, AR p fEn B— PR EHAF 0] mod p F 4
KA BV P EE : ML (>0, 2, =x,4,(mod p) .

Pollard p 5.7 .

S1 FE{0.1 o= yn— 1} PREVLEL—2EL 20 s yo<a0 <0,

S2 i<it+1l,x;<ai,+1 (mod n)sy,;< (v, +1)*+1 (mod n),

S3 g<—ged(ax; —vy;sn) .

£ 1<<g<<n N{E
oa il g R, A IAE
W 2 g=—n NWAE

%8 Wi g=n AR BN

M S2, 4%
B 3-8 n=282123,20<631,y,< 631,

i=1,2,=631*+1=398 162=69 670, (mod 82 123),
v = (69 670)*+1=4 853 908 901=28 986, (mod n)
T —y1 =40 684,
82 123=2X40 684+755,

d=(82123,40 684)=(40 684,755),
40 684=53X755+669,

d= (40 684,755) = (755,669),
755=669+86,d=(669,86),
669=7X86+67,d=(86,67)=(67,19)=(19,10)=(3.1)=1,
1 =2,2,=28 986,y,=13166,(28 986—13 166,82 123) =1,
1=3,a3=69 907 ,y;,=40816,(x3 —vy;,n)=1,
1=4.2,=vy,=13166,y,=20459,(xry—yssn)=1,
1 =525 =064 027,y =6685,(x5 —ys.n)=1,
1 =06,0=y; =40 816,y =75 835, (xs —vs.n)=1,
1=7,2,=80802,y,=17 539,20, — vy, =63 263,
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d = (82123,63263) = (63 263,18 860) = (18 860,6683) = (6683,5494)
= (5494,1189) = (1189,738) = (738,451) = (451,287) = (287,164)
= (164,123) = (123,41) = 41,
n = 82123 = 41 X 2003
JEIHL . mod 41 THEUT ,631=16, (mod 41).
: = 0, < 16
i =1, 162 +1=257=11, (mod41), x; < 11
i =2, 11*+1=122= 40, (mod 41), x, < 40
i =3, 40°+1=1601=2, (mod4l), ;<2
1 = 4y a1y <O
= 5, x5 < 26
i =6, 26°+1=677=21, (mod4l), s <21
i =7, 21°+1=1442= 32, (mod 41), x; < 32
=8, 3224+1=1025=0, (mod41), x5 <20
[ =9, x,<1
[ =10, x1 = 2
HARULE 3-1.,

.II1=4U )

x|=1 I L

xg=16 O

% 3-1 Pollard %4 %5 il

3.4 Dixon FEHFF B S #EiE

AT RR 2 Ul i SRR S A

Fay
n=s"—1t"=((—0)(s+1)

o h — a—}—hz- a—b)\’
n=ab = > 5

XU n 1 B0 i FIOKE 0 2o il — XTECREr 2 A% 0, A = |nl [Wn | 1, e il
B B R AW BURE F—a— W = — ¢ TR IR
ITIREU it . 45 n=abs 1 a—b BYTE LI /)N,
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4 s n=2 027 651 281 ,/n=~45 029,
n = 45 041* — 1020 = (45 041 + 1020) X (45 041 —1020) = 46 061 X 44 021,
Bl 3-9 »n=2183, ¥ REFR B AT [ 4330,
4532 =7, (mod 2183), 1014> =3, (mod 2183), 209> =21, (mod 2183)
i
(453 X 1014 X 209)* = (21)*, (mod 2183)
453 X 1014 X 209 = 96 002 478 = 687, (mod 2183)
Ff )
(687)% = (21)%, (mod 2183)
(687)% — (21)% = (687 +21) X (687 —21) =0, (mod 2183)
687 +21 = 708, 687 —21 = 666
L d,=(708,2183).d, = (666,2183) ,fH d, =(708,59) =59,
d, = (666,185) = (185,111) = (111,74) = (74,37) = 37,
2183 = 37 X 59
KT REWNE i Bk — 2L The bW E E—Z8.
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[LFSR /& Linear Feedback Shift Register W45 .
E 4-2 FrsBR b aysas s sa, B/NTTHGE 0D ZAHER F A7 4% s a; ((+ 1) FRon ¢ Y
2] a4 A7 T 5 I AE
apq () = a; (t+1)
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a,(t+1) =ca,(t) Dc,qa,(t) @D D cya,(t)

= ﬂﬁ ﬂﬁ_] an—l 4:1‘2 ﬂl
/e, /e, /e, /e /e,
Oe—(—0—<—(1<—0
Kl 4-2 2Pk R i A AT #F (LFSR1)
;=0 8¢ 1 TanHxR o, ilZ3T ek & .
BN CILE 4-3 5% 4-1) .
>0 ds > dy >{ dy > d, >
Kl 4-3 2P RO RS A B A7 4 (LFSR2)
X441 BEH43FFMNFE

i ds ds ds ds a 1 ds ay ds3 as ai
0 1 0 1 0 1 17 1 1 0 0 1
1 1 1 0 1 0 18 0 1 1 0 0
2 1 1 1 0 1 19 1 0 1 1 0
3 0 1 1 1 0 20 0 1 0 1 1
1 1 0 1 1 1 21 0 0 1 0 1
5 1 1 0 1 1 22 1 0 0 1 0
6 0 1 1 0 1 23 0 1 0 0 1
7 0 0 1 1 0 24 0 0 1 0 0
8 0 0 0 1 1 25 0 0 0 1 0
9 1 0 0 0 1 26 0 0 0 0 1
10 1 1 0 0 0 27 1 0 0 0 0
11 1 1 1 0 0 28 0 1 0 0 0
12 1 1 1 1 0 29 1 0 1 0 0
13 1 1 1 1 1 30 0 1 0 1 0
14 0 1 1 1 1 31 1 0 1 0 1
15 0 0 1 1 1 32 1 1 0 1 0
16 1 0 0 1 1 33 1 1 1 0 1
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H apsn=amsrin s NI Co@m = Ch@min scn=1san=ap+, FGEREFJE U m=0,H0 {a;} &8
751 .

n 2t LFSR

&l 4-4
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1 1 0 0 1 0 1 1 1 0
1 1 1 1 0 1 0 1 1 1
0 1 1 1 1 0 1 0 1 0
0 0 1 0 1 1 0 0 0 0
1 0 0 0 0 1 1 1 0 0
0 1 0 1 0 0 1 0 1 0
1 0 1 0 1 0 0 1 0 1
1 1 0 0 0 1 0 1 1 0
1 1 1 0 0 0 1 1 1 0
0 1 1 1 0 0 0 0 1 0
GREIR PSRRI WEE T P
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r= (2" — 12" —1)
Hr,m 72 LFSR A W%, n 52 LFSR B iy 2 %1 .
Mman) =108 r=Q2"—1)2"—1),—KAH r=1lem{2"—1,2"— 1},

4.5 LFSR {32 % 13

B S ) R AR R R R B g R GE L, L AT S RN L R I Se 2 — B
¥ .
m = cryptography is the science of data security
FH4E 5 R0 2505 0 %% . %5 50 02 redstar L B A0
m: cryptographyisthescienceofdatasecurity

k. redstarredstarredstarredstarredstarred
c. TVBHMOXIESZPIJKLLHKUIVEGHGYDRKEVWDUIZXB

redstar 55— IR G5 f T, K3 E % S TVBHMOX #1474 .
m: cryptographyisthescienceofdatasecurity
k: redstar TVBHMOXKVQOKWPDCUGMGTQEYURJTJEQ
c: TVBHMOXKVQOKWPDCUGMGTQEYURJTJEQYTDKRJO

m:  cryptog r a P h y 1 S
k redstar (r +7T) e+ V) (d+B) (s+H) (t+M) (a+0) (r+X)
c: TVBHMOX B Z T (s D W G

l h e S ¢ 1 e n c
(r+B) (et+2) (d+T1T) (s+G) t+D) (at+W) r+G) (r+L) (e + K)

L K A Q Y E B P Q

e 0 f d a ! a s e
(d+A) +Q) (t+Y) (at+E) (r+B) (r +P) (e t+Q) (d+H) (s+W)

H W )74 H S / U C S

¢ u r 1 [ by
(t+W) (a+H) (r+5) (r+2) (et+0) (d+C)

R B A Y R D
Bl 4-11 52 M H LFSR #4720 5t 1 R 2 A

EX
—— a, -, -———— -
’/c,] /r:1 /;,n_] c,=1

Al 4-11 LFSR 1

%_:!EH: Cl 9Co o a(Cy el sla """ sl E@T‘HE S1 9852 9% 0§,
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BHSC m=mymy e
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n
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i=1
n
ey = My + E :'i'f-"?n—erz +cre
i=2

n
es = my + D Cispis +cre; +cre
i=3

n k=1
€ — Ny + : :Ez'srz—i'-l—k —l_ : :‘L:rf)k—i
i=kFk i=1

n
Entn — My -+ E :":n—:r'-l—h
i=1
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LESR AH[A] , BP g 25 B A0 S5 I 25 25 AH A B . XRE 250 A B8 3L coep ooec, BHE B HH BH S0 m =
ir}/fln’?z"'”?ﬂiiﬂT%%ja
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él /;:E /Z’-Jr.-l Cp
N {1\ N\ e (e '
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%l 4-12 LFSR 2
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1. &N Fermat {4 Z=%{

EMS5-1: n 288 .a E—8. 1<a<—1,. 4 a"'=1(mod n), g n ZXT
a MThEE.

H Fermat e #L O] A, 25 p 2 R & a 2=— 8. pla . N a* " '=1(mod p).

Bl 5-1 n=341,2""=1(mod 341) ,fH 341=31X11 ~NEE%L,

2. X Carmichael %[

EX 5-2: 58 n, XA ERE 62 (b)) =1,0"""=1(mod n) &R WAL M FK n Ky
Carmichael %%,
5] 5-2 561=3X11X17 4 Carmichael %%.
(b,561)=1,(mod 561) . (b,3)=(b.11)=(b,17) =1,
H Fermat ¥ ./ *=1(mod 3) .,6'°=1(mod 11),6'*=1(mod 17),
fir LA
b = 1(mod 3), b = 1(mod 11), 0°° = 1(mod 17).,
H** = 1(mod 561), (b,561) =1
Carmichael 208 L% Z 1.
EX 5-3. S=2, 88N 25— 1 (W ZEEFR N Mersenne 4L,

3. K a*mod n N E %

ST ANl b = (kbpykiko)s = D k2%,
i=0

S2 h<1,45 k=0 N#iH b) .
S3 A=<ua.,
S4 #y i<t NIAE

B A<-A*(mod n),

2 k. =1 MAVERS b<—A « b(mod n) & 5N

WG i<+ 1,5 S4 & 2%,

SS i’ﬁ]/?leH(b)a
— s~ | A .

.. ﬂéﬁ&ﬂtmﬁ[n]m;aﬁ
n—=3 B, 0<a<n.
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S1 % a=0. W% H (0) .
S2 #a=1. M H (1) .
S3 #F a=2, ~a, = o B,

oo EMRENMA S<—1,5NMAE, & n=1(mod 8) 5 n=7(mod 8),M] S<-1;% n=

3(mod 8) .8 n=5(mod 8) NI S«——1,

S4 #5 n=3(mod 4)fl a;=3(mod 4) .M/ S<—S8S.

S6 ny<n(mod a;) .

S8 %alzlam']ﬁﬁfH(S)a’r‘%_‘mUﬁﬂH[S' [“—]]

1y

5. ERIIEFSHHER

1\?’3

(3) (—“ )z(
mn |

(5) (iJ:h
e

o
(2) “—b)—(—
\ 1 n

;o
(1) iJ:O-ulPi_]_ ![%)ZO&ﬁH{Rﬁ ng(-ﬂ'ﬂ)ila

I
)

(4) # a=b,(mod n) _mlj(%): (ﬁ)q

n n

2
b)' a€ /’ UJ.'J(G—):ID

.?? F

(6) ( ??1)—(—1)% ,Ffﬂ(%J:1,% n=1(mod 4),

> (2)-
n

Yy 7n=7(mod 8), N (i)

n=3(mod 8)8% n=5(mod 8) ., (E): —1,

L,

(8) (”"] ( ](—1)"” . Eﬂ[m) (’—3);&%4[& m Hn B m=3(mod 4) ,n=
1 Y1) m

3(mod 4) .
6. EXFi A N

nEEa A a

XT?IEE a

s 1

<a<n—1 WEE, 47 ged(a,n)>1 8§ aﬂE fi—(i

n—1

n

etk , Bl ged(asn)=1.a ° E(%)mod ns MR a J2 BRI 2= %X

K7 o U BT DAAE N R B EARYEAE T o 2/ B AL
B 5-3 BB I1=7X13,%T 9 ZERHifh Z%K.

.
45 — _ —
9% = 1(mod 91) ., [91) 1

)mﬂd 1 » mu*ﬁ; a
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Wi o DU T LA g 20 MR 0 S AR AR E T+ B A 1<a<n—1 W TAEH a. ik
%%@@L%%?ﬁﬁ%%n%%ﬁﬁﬁ

5.2 #E X E &

T E AR N — AN A H ) B 451 Sk 1 B
AR XEE IR E 2 AfE—&,FH R ESET AWM AE B M FE TR

h—2
ho

AH—XEHMHBIAOBERET 1AW AL HAMEBREERE, 2 p, F#aam D ATE—
L AETEAR R A H A%
o U364 1 (A Y[y 363)_ 1 _ 2
po="1. b =175 = 3550 P (i 365](1 365] 365 7 365
g iER R .

. 360— (m—1)
pm - 365 pm—l
pr =1
s 1 )
ho— 1= 2
Pz 365

(112
Ps = |7 365, 365

FR 3
1
1+ —i——1'2+3—13+ + a
iy
_L_ _i el _mil s
pn"’éﬂ‘s o 3 e B — o 243
b < e——{1+z+ =) _ C_alﬁxim{m P

g e I <L e b R R R T L

n=>23, B0 23 A BRI A B ACE AR,
%%m@m%zwxﬁ~@@ﬁ§mﬁ~xﬁﬂ$ﬂ~kAﬁﬁﬂ%iu%ﬂ%
B 4 g, FoR m AN NE—RE DA — A A A 09 B0 B 4 g, &
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mm DATE—RZEDH— A A G MR A H B, )

_ 364 (364 _ (364 m
@365 127 \365) 0 T Im T (365

<— log?

364)\" 1 364
<_!
(365) < 5 mlog g

m = — lggi = 253
10g(ﬁ)
UL RAT R 253 A ATE— 2 A IS — AZE 5 A B AS ) 0 < BT

HZ EOA A A F O R

5.3 MEVIEIRIAZ LR
1. &R &K%

WL R AL T B LR, B 8 O BE AL 7 A, BOE BY BEALEGE A AT B R H T HL
FEH
F i) £ 1) D Bt BILSRT i ok 2 1 el 2 375 30 L 1D
Apy, — ba, tcmodn, ay, = d
HA,0=0,c20,d<<p.d FRRIFF I p ARFZE L MH boe<<p,H bicom HE)E . d A
[ 7 A AN [] 1) O B IS 5 o DKL ke ™ A= 1 DR BEAILZRRY 910 L 335 2
Bl 5-4 p=23.b=2,d=5,a,=5.
a; =2X5+3, mod?23 =13
a, =2X13+3, mod23 =6
az; =2X6+3, mod 23 =15
ay, =2X15+3, mod 23 =10
as; =2 X15+3, mod23 =0
ag = 3
a; =2X3+3, mod23=9
ag = 2X9-+3, mod 23 =121
a, = 2 X21+3, mod?23 =22
ap =2 X22+3, mod23=1
apn =2X1+3, mod23 =5
a;; =2X5+3, mod 23 =13

AR BEHLES] 13.6,15.10,0,3,9.21,22,1,5,13,
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2. BEXEUE

RE p 2—REE ao— T E g W HE 52
ged(g.p—1) =1
'%'\'EIH_HE{&,MDC] j)q?i‘:O 1.2, ”'9?'I;FI:|JH:FE/_:E {j']lgﬁ*”. 5”] aﬂﬁal!HEQH'!an;%/{ﬁF

ged(g.p—1)=1,H Fermat F¥ ., A a* '=1,mod p,.Z R FH a1 =a, . ==1,
1;] 5-5 p:17ng:3¢q:2u
HIESE m(:)d 17=9
a, = 9* mod 17 = 81 mod 17 = 13
a; = 13* mod 17 = 16
a, = 16* mod 17 = 256 mod 17 = 1
HF p=17 K/, iR KA,
3. ZHZE
. e 1
f%ﬁp%—kiﬁgpi.ﬁﬁt$ﬁﬁrﬁ — B2 BT R R DA BE LB 1)
g p—19,119—0. 052 631 578 947 368 421 005 263 15---ftHBENLEF %)M 5.2,6,.3,
1,5+7+8:9,4,7,3,6,8,4,2,1, 87 17,
4. ZHHENE T EIB
D) RFREM AT &€
A DR TE | S Tl N = N S S @ A S B A I A | T
() JNTFRET o 092 HEEC I lim T =1, 1 () =
In
F51 EEHHEEX
n 10 10° 10° 10* 10° 10° 107 10° 10°
w(n) 4 2.5 165 1229 9592 78 498 664 579 |5 761 45550 847 534
9
L‘,Lli_?ogmlg 254 942,50 847 534 —48 254 942=259 259 5 10° L2k 0. 0026,

—BREATE n B3RP B B R 2 —— T AR B

MR ECA Ln 2 A Wilson EH A Fermat & HL .

E B (Wilson) : n 2 2 E 770 551 (n—1)1=—1 mod n.

iE .

n 2B {1, 2, on— 1R — T a s AFAE @ Yff aa ' =a 'a=1 mod n.
Hep 1 ocE N L, (e— 1D BT E A n— 1L, 1X1= mod n,(n—1)(n—1)=1 mod =,
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T 1 Hln—1 b HR n—3 Ml aFa L (i— 1D !1=(m—1)=—1 mod n.

FLorE

Wn—D!'=—1modn.fHn AEZE.NA2>n=ab.a=1,6=>1. 0 n|(n—1) . [6 B «
L—D!+1]al[c—D!+H1—=—D'V]. 5 a>1 FIE. sHERIE.

Wilson & g R AW SR E 5 0 o + 00 KB 3F 32 28 i .

Fermat B : 75 p = R LN FEERE a,ged(a.p)=1 WA a* '=1 mod p.

3 @ T n I T Llogon ke k. Fermat & B HI G Z MM L I A%
A BN R @ '=1 mod n.n Pl EEA & R L.

2) Solovay-Strassen 7 £ 14 HE 5 1) 3L 12

A AT EL n >3

S1 :{%%(n—n f‘lﬁhﬁiﬂfﬁ?ﬂﬁ”_lz(/‘etk;_l'“klkg)g e

2
B VE—PREALE . 2<<a<n—2.31E r=4"7 (mod n).
trr7Lla7Zn—1 WAE 8 S 580 . 7 S2 &
T3 Jacobi £ S= (%] Ay r2=S mod n N|{E

RTINS T QN VA~
2%, A W AE
W i<+ 1.5 S2 2,
S3 H i RmE .

n S &L, 1M Solovay-Strassen ﬁ{ﬂ;éﬁﬁ“?ﬁi”ﬁ’]m{_@<(%] )

n—1

#r ged(a,n)=d W d=a 7z mod n BFHF, BT L r71 4 2003 ged(an) A1 Hy b2
FEFOEAR Kami B

5.4 Miller-Rabin iz i£

By — AT 8B n >3 i BB B B
Sl n—1=2r.r W Er="_Crr,—1*ry)s.i<1,
S2 #7 i=t, MAE

WE E—BEVLE a.2<<a<n— 2,715 «" (mod n) ,
O # yZ1 Ml yFAn—1 NIFE

9g j<1

@ # j<s—1 Fl yF#n—1 M4E

% 115 y<y*(mod n)
7 y=1 4 @& 58 %O,

-———

j<i+1.5%0O,

\
r/
(]
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i y7#n—1 WAESS 52807, O &
4

i<+ 1.5 S2
S3 i th (REO
B, 2 n AR . n—1=2r,r A a & e geda,n) =1 WA4EEEE N
a"=1(mod n) 5 a"=—1(mod n).0<j<<s—1,

EX54: a —HAEE n—1=2r,r &8 a B[ 1.n—1]XH A%

D # a"Z1(mod n) Ml a?"=Z—1(mod n) JOo=j=<s— 1,0 a B R n W& L uEbH .

@ RZ# a=1(mod )3 a® =—1(mod n) ,0<<<s— 1, MFK n T a WiRhZE.

5l 5-6 n=91=7X13,91—1=90=2X45,5=1,r=45,9"=9*=1(mod 91),91 %
F o EamhER.91 XF(1.9.10,12,16,17.22.29.38.53.62,69,74,75,79.81.82,90}
T BOR RDh R A

Miller-Rabin -7 fil Solovay-Strassen 53 3 19 FL#5 -

(1) Solovay-Strassen 115 & L8 K ;

(2) Solovay-Strassen 1 HHe HE T2 5 6045 R L2 5 103150

(3) Solovay-Strassen %H%H@E’Iiﬁjﬁj(%)r,Miller—Rabin [LH%EME*{#;%%(%) ﬂ

5.5 Miller-Rabin EZH B X TFEIE

Eﬂ&l%m>4%%‘m%ﬁ%?%ﬁ%b%ﬁﬁk?ﬂ%$%m—no
iE MAHE .
N

u>%ﬁ%$&ﬂwmw%am&mmn%ﬁﬁ&ﬁqmmeEW&%%zw%

OB K202 SR ¢ AR ECR R B R 0 ).
(2) BEM . —FH p BOWBREREATERM ot 2L
O p—1BARREEHENHANT r;
@ pt+1 ARZEZEHHT s;
@ r+1 HAREEHNT .

5.6 MR AKS BERHAEZHMWSIMAE X

H € 2B B S S AN Y (R, A Y — Bk a] PR TR AL B WL T AR
AT g Miller HE 2000 36 725, B 2 2002 4E B FEFE 1) = 40 Bl 22 %% M. Agrawal. N. Kayal.
N. Saxena & #&—ksi Primer is in P e 30 Wil 2 “HE R LW L8507, X— 170
AR E B ) 2004 AE B A, ARSI BG SE A A3 — B iR JH BR 35 30 Y T ff e 1Y
22 0 XA 1 20 VR AT A A 0T g R Y 2 ]
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E_IIIEE % QGZ&?IEN'H}ﬁZang(H &??):15?? %ﬁﬁﬂ@}ﬁ%%f*%
(X+a)"= X"+ a (mod n) (1)
iE X F o<i<n.fE((X+a)"— (X" +a)) H ‘I'fIﬁ%\ﬁ%[?_?Ja”*ﬂ £ on SR A
f._
[?_?]—O(mod ) ST 2 TRRZECH 0,
1
- ?
MR 2 ZBEGE.qEn W—1THE.L ¢ | n. ¢ {[?
q
Z8(mod n) AR 0 M (X+a)"—(X"+a))TE Z" ANEEHET 0, uEEE
FmEl =l 7' BRI A nL e — o BRI (D 2L, T
TR e v n IR BB IAMEN B2 QGO I E AR)E .

1 B (D) 1 =2

]ﬂzmqm%ﬁﬁﬁﬂm@wm

(X +a)"=X"+a (mod 2" — 1,n) (2)
A A AT BRI R n W2 (2) XTI AW a G idE /e r, B2 n 25 5%
A —2 o Hlr 2 (2),
BNk (x+5)* (mod 13,2 —1),
(r+5):=2"4+10x+25=a2*—32r—1
(x+5)P =" —3x—D(x+5) =2 +22°—16x —5
= 22" — 162+ (1 —5) = 22* — 3x — 4
(x+5)° = Q2" —3x—4)* = 42" —122° — T2 + 24x + 16
=72+ U+ 2D+ (—12+4+16) = 62+ 22+ 4
(x+5)"% = (62° +2x+4)* = 362" +242° +522° + 162 + 16
= 102" +112° + 32 +3 =1

W (x+5)P¥=x+5,
J3—J7 I ;

(x+2)®° = 22° 4+ 22° + 532" +492° + 142* + 522+ 6 (mod 65.2" — 1) = 2% + 2,

2= ")+ 2=2*+2
65 AR E . H

(r+ 5" = 2" +5 (mod (1729,2° — 1))
BR(x+a)"™=2""+a (mod (1729,2° —1)) . fH 1729=7X13X19 2 &%, M H
(x+5)'" = 12542" +7992° + 5562% 4+ 106 + 1520 (mod (1729,2° — 1)) = 2* +5

(HJE3E ] & 2 M 86 » Rl o AF (X +a)"=X"+a (mod 2" — 1.n) W7 0] 1E £ 1 2 B
[F] A 5E 1

5.7 "S5 E®H

P s ZIsCRMEE G 48 TR VLA M AL Gy n) 1Y 2 0 8] P 56 LAY
[RIE S
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Z,=10.1,2,+ 0} XTF mod n MINIEENAEHRE, Z,\{0} KTF mod n 1Y ek Wl 22
HRE , H Bl 3T .

Zy s 5 n HERBEELET mod n 1930 44 il I FE .

F,={0,1,,p—1},%F mod p 1Nk e+ hi 19 1L,

Dt Weon(o) R d WP RTRAMEIR , L2 H ol p T AT B

mod h(x) RYFAZE.

O () EOU(n) » polylogt (), O(fHHL{g:N—=R'| IcER", In, €N,
V=0, gGo<<cf(n)},HH log AL 2 B,

O, (@) Fn a*=1(mod r) LI k B/ IESL .

S LCMGn)ZET AR m TN lemom =7 A LCM(m)=2" . XA
1IE BH DL B 5 AL

5.8 AKSE %

A n=>1,

S1 Z(n=a’,a€EN,b>1) NEH“EE,

S2 /DY roff O, () >log’n.

S3 % 1<<(asn)<<n,a<<r, W4 h“ 557,

S4 5 n<<r, MHTH KB s a<1,

S5 # a<<| /@(r)logn N
W (X +ta)"ZX"+a (mod (2" —1,n)) NG fr G402
22 SN 3 a<at 1,5 S5 &,

S6 i REL.

5.9 I1E#1%UERA

I 5-2. Ak RZE Y HAC » RRE

EFR 5-2 JEiEI T 7 A5 FRIE Y.

51 1 A n 2R Bk 2 R,

IE #5 n e =B ST AN S3 ANkl S8 RS 5.4 g P S3 ARt E
B0 UG Z S S4 M S5,

TG | PR B 2 A — B TR, SA B B W e AR F B A S3 K AR B n 1Y
— A HE L L i PAR T S L2 S6 Far =B . Sk n i E R BUHKE S S4 F S5,

IFR 1 A . SA Byt =B ) 0 60T BB A5 ) S3 KR B 0 i AR LI
PR T RVIEOLTE S6 S th “ R, Bk 2R E S2 f1S5. S2 #R— A 1E Y ».S5 iEHH
J7RE (2) X —2E o 2 2 1Y,

5138 2 fF7E— 1 r<max {S,HDgEH 1, ff O, (n) >log’n,
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E n=2,r=3 BB W5 B B i 2 A 1) 5540 .
fﬁ% ?I>2am|”710g5?? —|>10!/?"\ Flela2s " a0y IEI%FJTT:T ()r,_— (n)‘églogzn EZI% ri | 1 I)_J-Ijﬁﬁx

Llog” n
riBRIS 0 H (n' —1) < n'®'n << 2°%°n,
i=1

A1 5.5 TSI, BT log®n BXEEEW L. com. B/ oo’ 1 il 28 /A7 AF — B S<
rl{)gf’n —L{E S@ {rl ,?"g,'”,?";} !%(Sa??)zla_mlj ()5(?’2)>1(}g2??-&ﬁ]E1ﬁ?ﬂ@-%(si?f)>

S
(Sa?’t‘)

1.')1”,&] S Kﬁ%@@ﬂg(Sgﬂ)e{rlarga"'!rz}ar: %{rlarza"'ﬁﬁ}!%l’j\ ()r(”)>

log°n, UE5E,

KO, ) =100 n AFE—ZFZHW T p A O, (p) =18 p=ri B H (2a7)=1,83 8§
S4B E R AL (o)™ =F(™ ), (mod (z"—1,p)) iE5E .,

EX5-5: DA (o) —g@ "= (o) " g(x) "= fF(2")g(2™) (mod (&7 —1,
P LIFR f() » g(o) BAWFR D,

MG EEHES T = {(%]]f | f,j;;:o}q:«’@/i\ﬁ;@q:%g p —

L
(Il Gt | e, =0} A ZHAEEA R D .
a=10

BT X S AR 5 PN BRIk B RS 21 OC B AR

F—PTHEEITAIRE T TE mod » MFEIRINES . ERE Z . HG.n=>(—p.n=1,
SN G LG =t

A G, &2/ n Hl p mod r ZEH . F5ZX O, (n) >log’n.t=>log’n.

FAM G EWEXLTARW F, a0 a TR, 2 Q (oaEH r i
KT F, nRZmHA,Q ()| — 1, ¥ ERMMNA AW KE T, KITH O, (p), %
h() BX R — DA AHE T ] O, (p) =1 h (DR FRT 1.G, 2HAE F=

iﬁ((;) W 21,2, o0 AR BE L F RERETRE.

1+
5/ 3 (H. Lcnstra]r)Gz;ﬁ[ IJD

iE BT E.HAORMRZHR Q COMMN T . X BIEF BN ITE WS r N
JFAR .

MAEUEBA P NTE P EES R T /N Tt AR Z 00 3] G, AR TR . BE
F(X) M g(XDEE/T PIMNZIA., REEF, [(X)D=g(X), 2 mel., TNBL—EF
AT FLAXOT"=Lg(XD]" W m ZXT f Mg HAMET (D, A(X) [ X —1, 87
FLAX") ]=g(X™) , XWH X" BEZHAXQY)=fY)—g(Y)O R, meG . Hlm,r)=
1.G & Z; WTREB—1XHER X BRALRE - MEREA G =t 1> QY)TE F 1)
R TCs i) QYY) BIIRTT/NT ¢ T f Ml g Mk . X FEF)ETLAE F f(XDFg(X).

%Ea%iﬁ Fp *1§I¢j£!-Z:Lﬂf C_D(T) ]Dg?’f J<\/;10gﬂ<reﬂ p>r~ﬁffuf§?§ X3X+1!"'g



FOE HEFRBWER .« 87 -

X+ 75 F AME, FE XD B9IRAFRTF 1.7EF X +a70, 581 a.0<a<l, ir LA
+
2/VH [+1 1T G, ARIIR T 1 B@ZIﬁiﬁ,ﬁkﬁibﬁC_J/i‘*i{ G, AN [A) 22 301 =, IR
7 <t., uEEE,
5134 5 AR p WEIG, [<n",
e ZE 1o F4E

= {[%Tpf |ogzuj:<;uﬂ}

R AR p MR A1 D2 REMELH G, | = BB WAEAE T mod
FEE IR my Fomy omy =my s R
X™ = X2 (mod (X" — 1))
A f(X)e P
[F(XD]™ =F(X™) (mod (X" —1.p)) = f(X™) (mod (X" —1,p))
=[f(X)]" (mod (X" —1,p))
A fE F L
(XD = [f(X)]™ (mod (X" — 1))
W AXDEGEZIHA Q (Y)=Y" —Y™ T F PR (X722 A Kalai, A. Sahai,
M. Sudan[ KSSTH#EMEZE R . (XD G, WIEE LR, 20 Q (YY) VA IG, [ IMEF

' W]
R AR . Q (YD 19 T 7 mla:(;—’ : p] < AT | Gy | <<

513 5 AR LR RET N 0 R R AL
iE BEAEmECER8, mo 5,80 (=[G, | . .=L/O() logn I
f+l]:} {[+1+Mlog n |

x>
t—1 L\/f_lc}gnJ

} (A ¢ >«/£710gn)

;3[2 Litlog n 1+ 1
LWilog n |
— oldesndtt (P filogn > llog?n = 1)

=n"
ML 5. (G, | <n® .35 n & p IR TLA n=p* k>0 45 k=1, M B ETE ST f i
“BEC L n=p.
€ FLUESE .
EFES3I:.maklkT f(oOMg(o) BAMHRD W mERTF F()gla) HAHE
it (D,
W [ () s g "= () "« |g)"=Ff(a™) » g(2™)(mod (X "—1,p)) UEEE

J (W 1 = /&) logn = Wtlogn D
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5.10 E&MEatHh

T 5-4. 5L R 2o MR LT O(log?).

iE  S1 B EEERLT O(login) .
S2 3R r f# O, (m) =>log?n, 0] LLid if » B4R Z 47 7" Z1(mod r) sk<log’n. 5% O(log’n)

K (mod r) FeL , F i Olog?nlogr) s 51 2, HA Olog® m) PAE Y 35 ZE I, Sk

Ry Hs (] 52 2 P O (log' n)
S3 R r I ged, B IR W [H] 5 O Clogn), #4 #5818 &2 2= 4 9 O (rlogn) =

O(log®n)
S4 BB [E] &2 22 P 1E 4 5& OClogn) .
S5 BAE AL /@G logn M F7 2, 4T OClogn) IR r IR 5 2T 50 10 e ik . 235 i &

KO OClogn) »S5 W A1 22l O (» /&) » login) =0 (rTlogn) =0 (logzn)
5l A e R A T LR B Z PR S O (logZ n)

5.11 H#HEENR

2004 -1y AKS L SEPR 2 A BLSE Y, I (8] 52 2% 14 9 ol ml o ok F - 3935 Y 2k
PECBIER 2 TR i RO TT e 2 r=0log?n) « X HEB B & 22 4% 2 O (loghn ), F+ 55 |

A PTG SCRE 1T 3X A AT e
Artin %E Eﬂ’ff% ?IEN-EK%%%iFﬁ!%ﬁ qi{m H{]ﬁ E '1§ ()q(?’f) :q_lﬁ

m

ERLT A(n) — A 2 Artin LA (n) >0,

Sophic-Germain ZRB A, FH q<m 1 2+ 1 QR FH B FBE T L2 3

e, W EL(RL N 0. 66) , iXFEM R EFR A Sophie-Germain 2 A1,
Artin A S  om=0og?n) A —r=0Clog*n) A KM . A & T JF

F Artin 544 .
AT S r=0 (log?n) JER R E 2N O(log’n ).
5.12 2002 &£/ AKS &%

S1 #7 n=a’ W% 5207,
S2 REE r # gedren)=1.r—1 W KEIN T g=4 \/FIOgngn%?—ﬁl(mod r) e

S3 Va€ (1,2, 2 rlogn D #H(X—a)"Z X" —a(mod (X — 1,2)), N &t

i"%ﬁ”q

84 i—ﬁ]/ﬁl [i‘%ﬁ,,n



Fo5F HEEZHWESE . 89 .
B E A O(loghn).
] &N
. 2K Jacobi f‘f?( )E}Jéﬁhﬁ
2. 52 Miller-Rabin 3 0% 4w 72 .
Mk A
Chebyshev 5| Hp = 2" .m < 32,
P<2m
iE m<<32 N7
2”?. :]_ . 3 ¢ 5 . 000 e (Z?H_]_) . 22??1
m 2 el oo (2m)
1 3 O . 2m — 1 1 o2m
ﬁ NV f NI f o2m— 2 « A/ 2m N 2m
> sz _ 22m—%lugf4m)
4m
28 p MIRTTBEm) &
m m m
S ]
It A
log, 2m
2m - 2m m
og (52t )= Stowe 33 (| 5] 27 )
o(22)- S B (221212
2m m
lgp + gp ( )
S S (2
<Dllgp+ D, lg (182?”—1]g Dllgp+ D) Ugzm — 1
pP=2m << /2m gp p=2Zm p= +2m
21gp+ Vemg2m—1) (/2m = 8,0 m = 32)
p=2m

2m = lgdm > 1g2, m = 32
Hp 22?n——1gd?n - mfIEEm—l) 22?31—% V2mlg2m ~ 22m

p=2m
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6.1 #F =

PR B & P AR F e di % {5 B, T DLJE 2 3015 KWW A i g ) B 1) i v L 5 B AR
By 0] DLsGuk iy, B a] DO o BAR A L3RR uE R . V 25 uEE . P ikl vV
fE b nf SE A e X e (5 B, 8 Pl DL R 1 45Uk VM2 0915 B XA ZEZ M PE
W, PALUEAR V s S50 R 4 8 i 28 {5 B ZOR & 1 HeAFpy A% A ez N vV
LR ENA S, AR LR UL n=pqg Nl AT .5 ACENE p flq.PERV
A s B .

S1 V FHLEE R —KE 2. 715H 22 (mod n) W45 R EJF P,

S2 P gt o IR = HUF V.

V HE K f# 2° (mod n) I 55 F n B REC % FE A YR p Al g 2 2R AR & —xfEA
P B V.V ZTLHE. AL C%YE - 0, Z2REZD LR, —HB V Y
Y p Mg AT HEME 2.

Bl 6-1 28 H o FE ) & HITHUERH |

SO UE R . BE— A ALVRR B — IE BB an  IFITE ya=g IR (AL y0)
Witk b — P EHAE —EiHk . AR BIE AW S0 A RT .

(1) An] BEXEX—8%E a,

(2) BULR| S — EBE RITHE v =g £ A,

(3) AR (yO)R=ga% A B v, = g2 FiL2h B,

(D) BIHRE (v =g* I E (v =y 7. F 55 WO A B B0 15 2EH .

(HPMUAEEHRE KA B X% v, =R MK HRIG v, =8, X 45 R IFAE b o GE 15
2,

B 6-2 ACEHIEERE «» My, 0<y<zr.ged(x.y)=1,P BEHRMWHABEANGFE ECZ [
*=y(mod x) .

EAEE VA — P 21 020 000 a2, K OLLEHN by o0y oeeeob, TR 02, <<aa (2, 00) =1,
i=1.2, 0,115 .

-
:zfy(mod ) (J;:19 1=1+24*sn

{zf(mod x) (J;;:Oa

P X e i 17 0 By

Og 1,];'1_9_:: :.?:;Ew,-(m()d x)
{L HoAth,

P 4%" C1 +C2 9" 4y % Va



%6 F  F &Rl A E e 9] o

%Xﬁﬁﬁﬁﬁg ff!ff:hi!mu P %ﬁﬁm’ﬁ'@ < 'fﬁ Zzzy(m(}d J)?%%IJiEHH -i’%m V ?%@IJ%
A A CHER S HF R PE M Villttis 7V ARAERNEE . AL = 2
2*=vy(mod z).

6.2 BHRrIEFiEUERR

BHER 5 S8 B Oy S5 0 BOR n] B8 i T SO0 FUAS WSS 19 58 0k T A E ol BB AR 1S R Y
P01, 8 HEE TCP) B o NFH RS P NFHHEIE T o, i eI ik 2 HZF R E B FR . P
A PUANESE TP —AS LRl Vi sC P %48 1(P) .

(D) BEAFAAE— 5L E IR STE T AMBIE nan=pq; p.q W KREE, p f
q #fJ& mod 4 5 3 [[4%.

[(P) i P V245 B e DAL & IR B i b DL coversre s s 1< ps
i =1,2, 0 kBB ANTE G Tk DE: dyody oo ody s 1<d<<p,i=1,2, k0l H
dici==21(mod n) si=1.2,++ .k,

Bit#&E VHAE PN GG PR T VHGMESR (P, i 4 M EEAZ—
L R Z PR AL RN,

S1 P#&—PBiML o115 £+ (mod n) P BLH— 1% V,

S2 V{1.2, k) iE—F4EEUF P,

S3 P&EVUF V.

y=rT.(mod n)

EEP T{‘E H Cjo

JES

S4 V Kk
x==1vy*T,(mod n)?

i T,= || d,, HE&S W, — % E T, 50T U4

JES

lﬁ] djf;fEi_l(mOd ??)fj:]_&:Z&"'Qk!P}LU\ }’ET(;' = FZTETd = FZH i“?di Ei rE —
JES

+ x(mod n) .,
FEALEL r R EERY . AN V ik Se () AR 2] ¢; X ¢; ZoK(e;on)=1.=1,2,
ro Il TR = PN B s

Bl 6-3 AI{FHIHLIEE i n=2773.

PR [(P)AR .
c;—=1901,¢,=2114.¢;=1509.,¢,—=14004¢c5s=2001,¢c=119,
ci (mod n)=2262,c: (mod n)=2562,¢; =296

PiEFEN TSy A

d,=953+d;=2678.,d;=1207.,.d,=1183.d; =2681.d;=2595
BN 2 d;c;==21(mod n) .
B P ¥k r=1221,31%5
—r*=—1490 811=1033(mod n)
x=1033,P ¥ = Hif V,ViE 74 S=1{1.4,5,6}%1f P.P il 45,



- 92 - 5 R T AW F A

il

T.=1901 X1400X2001X119=96(mod n)

y=rT,(mod n)=1221 X96=117216(mod n)=750
Vil y i

T,=81X1183X2681X2595(mod n)=1116

v T,=(750)*X1116=627 750 000=1033 (mod n)
59 Ukl 1 .

6.3 Fiat-Shamir 71 1&E F M _E 5 4 38 Uk

fE%,HZE P E{]E‘{%ﬁ k /i\‘ﬂé%ﬁ:ﬂ@ﬁ: .I'pl ’”I.Pz @'”Ll"pk !/%\ ??:pq-.r)ﬂ; Yo, E;I’ii (mod ??)ai&'ﬂ:
YA FAE P ASRES R T E S | ID: vy 0y, 0y,
S1 PRENLIE—EL r€Z, TTE 2 (mod n)., P25 V £EE (P2,
Sz V éﬁ P jii? h:(hl !-hg !!}',@) HI}'; %%ELFEH{] 0 ﬂ 11&;6 '{0-1} &fT:].!Z!”' 9/]1;30
1, h,—:O

SSPﬁ“%: f?:?’i'li'z'”fw#q%y%VﬁEEP f-‘f:{o ; 1‘,..37:1,2,'"!};‘3!
’ )i —

k
S4 VK, & v = || %) Gmod n), M7, TN 4E 48 . SCPr B HOR %4 v,
i=1

P 1.2k ﬁﬁﬁmmmawﬁm;%;—“

6.4 Schnorr 558 1iF

(1) Schnorr 14 B 3 56 Gk 2 35 F 2K 2 7O B0 IWMEE RS EOE pog M RE.q &
p—1 MEEIHNE . gZ1(mod ¢) ,P B =, ,i1H y,=g% (mod p),

PCR: xpsy,:0:9:.8.-VEH p.q.g.

S1 (P =4 —FPLE rn € GF(p) o1y 70,

(2) 1% S=g" (mod p) .

(3) PR(y,.S)ik V,

S2 V A —BHHLEL r,  IEHE r, T P

S3 Pl v=r +r,x,(mod p) . FH v ik V.

S4 VBHy g"=S (y,)7 7

o A A 2 52, A5 ) 7 LAFE 4 .

A gv=g1 7% (mod p)=g1 (g™ )2 (mod p)=gn « (y,)2(mod p)=S =+ (y,)72,

6.5 Feige-Fiat-Shamir & 3¢ i 1Y

EX a€Z) sa RN mod n WISF T FR . AHAFE 2 € Z) [ 2*=a(mod n) , %7 AFAE
X 2, R o FAEF TR 4, mod n Y AT ATV 7 # R AR & R UL Q. - BT A AR J7
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%-NU%W\ énc
HMEX 07 . 04Q,.0¢Q,.
B, a=6,4% Z5 AN ICE a0 BRI RUFE 6-1 fiw.,

F6-1 o (mod 13)HIE

i 0 1 2 3 4 5 6 7 8 9 10 11 12

o' (mod 13)| 1 6 10 8 9 2 12 7 3

[
e

11 1

Q13:{1!3!4q9q10912:’&613:{2559617-;8;11};
n=pq.p Mq #FETREE.aCZ, & modn B FHHER,HHMN Y aCQ, Mla€EQ,,

1 ~ 3(p—1 —1
#1Q|= Q| 1Q =511, |Q | =*L—r2,

EX 6-1 EE n=pqg.p Mq BEARZEE,H mod 4 #EHM 3 [ 4 .n= pg f&— Blum
éﬁq?’f:pq ,TEE_‘ Blumﬁ!HEQn!mu mOd Msd ﬁ 4 &%ﬁ*ﬁﬁﬁ_‘fﬁxﬁﬁﬂﬁ Qnﬂ

6.6 Feige-Fiat-Shamir & 1/ & i

Jacobi £F 5 W15,

WA n=>3 WA BEE A a . 0<a<n,

i (f],m 22RO ik )

S1 # a=0.0%;jH (0) .

S1 #Fa=1,M%iH (1),

S3 :{%‘ da Ehﬁ 24!455‘51 Y48 %ﬁ%ﬁn

7 e AN S<—1,84 M S<-1 % n=1(mod 8)8% m=7(mod 8).
iy S<-—1 2 n=3(mod 8) 1 n=5(mod 8).

S4 # n=3(mod 4) ,a;=3(mod )N S«<——8,

S5 ny< n(mod a,) .
S6 2 a, —1 M 1 (S) ﬁmuﬁam([“—ljjg

78

Feige-Fiat-Shamir S/ 56 3F 41 F .

(D ZEWMSELAEH L T A n=pg,p Alq #B(mod 4) Ml 3 [E 4%, {F H M T
KBy o (2 Blum 38, F1—1 /& mod n B-F- 77 bl 42 FIFER HLAF S B+ 1D 38 e F1 e A

(2) RSP . BT ICHE A i

a. &k PRENLEEEL S, + S, Sy 1S, =n— 1,k THEVLILFFE by 00y 5o by s ged (S,
n) =1 R Uk n ASHE P B i

b. & v,=(—1%(S?) ' (mod n) , 1=<i<<k.

(XA v M0 R VHEREA S 1, — DR KA IE & » BAFRE G S



e 04 12 B 22 A By 8 & Stk

#& . WORTE v, AT .

c. AMEBHAC HAERE i CanB RO 28 T, 5k A A#1(S,,S, .+, S, ) mod n,
T WA v ART n WHEFHLS 5 8+ 1.

(3) {7 Bl

t ¥ B —IK

A—B: r=r*mod n.

A*_B: (€1 aﬁza"'yﬁ’k)af’ie {0&]—:’0
A—>B:y=r]|| S;(mod n).

e, =1

(D) hilArsh, AR AT c B2 A B 5 A e 8. fREBA A
B AT AE B B0 oy s oo v sm) B I — IR BT AT 26 345 B (D) .

a. ABEHLIEREEL rol<<r<<n—1 MIFEHLELSY 0,115 .

=(—1)" « ¥*(mod n) . Ff1% = 3| B,

b. Bik A FEALAEY & LEFF W] 5 Cersez s oerven) s

k
c. AE y=r]|]| Sy (modn),

i=1

b
d. Bit# Zz=y* « || vy (mod n) ,IEW] 2 =+ =, fll = # 0.
ji=1

CH Je B X5 757 3% r=0)
B 6-4 AU P Tk p=683.g=811,n=pg=553913.k=3.1=1,
1. A fi.
a. &3 PBEMLEEL S, =157,S,=43 215.S, =4646,
3SR by=1.0,=0,b,=1,
b. 15 v, =441 845,v, =338 402,v, =124 423,
c. A YNGR (441 845,338 402,124 423,553 913) . B4 & (157.43 215.,4646) ,
2. 1 B B AR A HHk
3. (1) A% r=1279.0=1,11% =25 898 % B.
(2) Bik A 3 N HFRRM#(0,0.1),
(3) A8 y=r+ S;(mod n) =403 104,32 B.
(4) Bt 2=y? « v;(mod n)=25 898, #Z Wt A & . I 2=+ 2,270,

i 2= 9 154 B Fiat-Shamir; Schnhorr; Feige-Fiat-Shamir 3 > 8 1) 51ik .
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7.1 HB m #HFERR

(1) BEn Bm RN : n= (qpar—1ao )mw=aym* +ay_m* ' +++amta,.

H{j

2> N =n 1y L”J am* P ra mtE et a B 1 =,

m

1y B B )
?'IEZL_J:{LE?}'IE‘E 2t ap m At a R =a

n;
Nt L J am T g mt T T et R e =,

m

:1*2!. - P

—H 3 n,<<m NIE.
Bl 7-1 n=15.m=2, 802K 15 gy 3 F /s .

(2) TFHPLE H 2°
Pl n=1323 KH .

15
?J:’F&."l :Ligzl
7

2
3
? :lg}"'g:ﬂ{g:]_
B
| 2]

:0 }‘Fl:ﬂ{g:]_g.ﬂlj{ 15:(1111)2

B B 7 3 2

1323

661
TJZGG:[!HU ILTJ_SBO {lel
165

330 6
2 J—lﬁ% QE—OL 2 J 82&(13:
82 41
o | = 41 ,a, = 0, o | = 20.,a; =
20 10 _
? — lOgﬂﬁ — 09 ? — D!ﬂ? — O
5 2
?JZZQHg:lsL?JZOsHQZO
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1
L?J: Oa(lm — 1&

1323 = (10100 101 011), = ((101),(0010),(1011),)
(101); = 5,(0010), = 2,(1011), = 11
et it A KR 10,B 3RoR 11,C FoRn 12,D EoRn 13,E R 14, F EIR 15;
i 1323=(52B) =0,52B,

7.2 ZBAUAHHEE

(D) P b 6 n+1 RS IESE = M1y B mikis 5 .
B = (X1 2120 ) s V= (VuVu—1"" Y10 )oK 2Ty,
S1 C<0,i<0,
S2 #5 i<<n fE
R w,<x; +y,+C (mod b)
2w <<b W C<0, /N C<1,i<i+1,% S2 &, H WA w,., <C,
S3 Fl (Wt 1 W, w1 Wo )b o
(2) ZDLEA IR -
CHMAN n+1 06 6 HHIE 2.y, H 2>y.5K 2— y= (w,w,—1 wiwo )y e
S1 C<0,:<0,
S2 7 i<n NWAE
8w~ (x;—y;+C) (mod b),
£ w0, W C<=0, FM C——1,i<i+1.5 S2 %,
S3 Hi th (waw,—1 i we ) e
(3) ZALRAITRE
Wr=x,b"+x,,0" '+ o+ xb+ 2,
y=yb0"ty, 1 0 ey bty
ey =(x,b" ta, 0" et aibtae) s (v Tty 0T Ay b))
=W,y 0T o, O e w0 by
S1 w;<0,i=1,2,**nt+t+1,i<0,
S2 # i<t MAE
i C<0,j<0.,%5 S1 2, 5 M5 S5
S3 # j<n, W{E
B (uv)y=wir; + (x;3:) TC,
wy < v,Cu,j<j+1,5% S3 &, H N5 S4,
S4 wig,s1<usi<i+ 1,55 S2,
S5 Bt (((Waterr e wiwe )p ) o
Bl 7-2 x=as0.,01200=9274,y=1v,y1 v, =847, n=3,0=2, WK 7-1.



®T7TF KBREFEEEREHTEK « 97 -
R7-1 Bl7-2 %
Is] C wy Tax;yv: +C u v W wWs Wy Ws Wy wy Wy
01 0 0+28+0 2 8 0 0 0 0 0 0 S
1 2 0+49+2 0 1 0 0 0 0 0 1 8
2 5 0+14-+5 1 9 0 0 0 0 9 1 8
3 1 0+63+1 6 4 0 0 4 4 9 1 S
11 0 1+16+0 1 17 0 0 6 4 9 7 8
1 1 9+28+1 3 8 0 0 6 4 8 7 S
2 3 4+8+3 1 5 0 0 6 5 8 7 8
3 1 6+36+1 4 3 0 4 3 5 8 7 8
21 0 8§+32+0 4 0 0 4 3 5 0 7 S
1 4 5+56+4 6 5 0 4 3 5 0 7 8
2 6 3+16+6 2 5 0 4 5 5 0 7 8
3 2 4+72+2 7 8 7 8 5 5 0 7 S
9274
X 347
64918 HAv1s
‘ +) 390960
31096 455878
DO
+) 74192
7850078
(4 FJ5

FIANIEZER 2= (2 ,—1° 1120 )b o

. 2 1Y b IR

Sl TJE,‘,'{_O'&IT:O&l!29"'12f+1&f*_09

S2 #5 i=<<t— 1 NHE

%

A FF j=t—1 NIE

%

'EE,‘E'_H"‘_H-;I**_H—}_I!% SZG

75

-

S3 gl|:f{ﬁ].Fl[_[_ll ( (‘E.E-*z;_lu?z;—z tttW Wy )E’ ) o
5] 7-3

(H‘U)ﬁ""_‘lﬂg_}_j —}_2\1’}: * I _|_(-:!'u}f—|—j *_'Ua(_:*_u ,

K (989),t=3,b=10, W 7-2,

(H‘U)b*‘_m‘gi ‘}_;I'i * LWy, VsV U g_}*!+1 ’



08 - BRZ2MRFAM

o

x7-2 Bl7-3F%

(5) BRi%:

fﬁjxﬂéﬁgﬁiéfzz(Jﬁfﬁ—l”'flfo)&*y::(Jhyn—l”'ylyo)5&”;Ef;31!3&§é00

ﬁ]ﬁ[LH q— (q,,_;"'qll?[} );,9."': (?’I”'?”'l o )591% .r:qy—i—rgoigr<yo

S1 ¢;<0,j=0,1..(n—0),
S2 #5 a=yb" " M

8 G~ qu 1o —yb " 5E S2 & HIAE i<n.
S3 #ri=t—1 N

o=y W g b1 BN q,-_;_l-{ v,
A (G (vb vy ) Zab 2 b+ MIAE
98 G < Qi L HE AR,

T Qi YO
1 <0 NFE
W <oty g g 1,2
i<—i—1,%% S3.
S4 r<—x,

SO HIH ((gs7))

a]

Y

(x:b+ x4 )J-,

Bl 7-4 +=721948 327,y=84 461,n=8,t=4, W 7-3.

Is] wg; + T wit; T 2x;x; +C u v Ws Wy ws Ws wy Wy
0 — 0+81 — 8 1 0 0 0 0 0 1
1 — 0+2+8+9+8 15 2 0 0 0 0 2 1
2 — 0+2+9+«9+15 17 7 0 0 0 7 2 1
17 7 0 0 17 7 2 1
1 — 7+ 64 7 1 0 0 17 1 2 1
2 17+2 9+ 847 16 8 0 0 8 1 2 1
10 8 0 16 8 1 2 1
2 — 16+81 — 9 7 0 7 8 1 2 1
9 7 9 7 8 1 2 1

989

X 989

3901

7912

+) 8901
978121



FTE AKBEHEEZEHRBHAAH « 99 .
x73 Bl7-4F%

l q4 q3 q2 q1 qo Xy X7 A Ts Ty T3 I T To
— | 0 0 0 0 0 7 2 1 9 4 8 3 2 7
8 0 0 0 0 0 7 2 1 9 4 8 3 2 7
8 0 0 0 4 6 2 6 0 3 2 7

7 8 5 0 0 4 0 2 9 8 2 7
6 8 5 5 0 4 0 2 9 8 2 7
8 5 1 0 6 5 1 3 8 7

5 8 5 1 8 6 5 1 3 8 7
8 5 1 7 6 0 1 6 0

q—38547 ., r=60160,

(6) REBLHFZF .

M o, ron BRSEAR I BB Ui fa] oK m " (mod n ) 1Y [n] &,
2B r A

Rﬂ — r — Hkgk —f—ak_le_l + tee +a12 +ﬂg sl 6 (O-»l)-.O m<.h__ ? g k
R,

Rl — ? :akzk_l+ﬁk_12k_z+"'+al I — dy
R,

R, = ? = a; 2"t ap 2" 4t ay e, = ay

i r=1023, 0] 15
1023=(1 111111 111),.

4
— g - — k . B—1
I — (rkl}k—]'--rj?ﬂ)z_rkig +}k_12 +---+r12+rﬂ
— (('i! ((rk . 2+rk—])2+rk_z)2+ta;)2+rl)2+rﬂ
= g €O CCrye2tr_ D2tr_, D2t 3 24r 247,
?"ie (031)"'3?:0'-‘]—!2!”'!ng;3:]_
4
2+ m'e s rye— — 0
nMy = m'E Tl =
mem, 1, = 1
2 ”?% L] rk—l p—
N — M me—2 = 2
f}?lﬂqg rk—l — ]_
2 '?ni—l s Fo — 0
my = m’ = mp_m; = 2
Nlp—1 11 s ro = ]_




e 100 - RS- =2y

] LR OR BB I R e =1.4E m'=m.
M o FRIG 0 ARFR S 1 AR SML Hi S RoR P07 WM R Fe LA m L 9110
(1010101),=85
BR2258 1> 1. )51 010101 AL LA
SSM S SM S SM
FT1INSHTEm®HE 24 SHE (m*) =m' %BAM’VE(HI)HI V4 S HE
(m° ) =m" B S ANSHEM ) =m™ . B 6N MAEmM™ « m=m™ E 74D SEM™ )=
VB8N SAEmY ) =m® L 9N MAEm® e m=m®
FATEOGE A2+ A1 FRAR KL FR A2 r Bl R AR AT R4
Bl an m*

2731=(101 010 101 011),
] LA 101 HEE 3 IR TALF]E m® = (m®)? « m;
M2 = (((m®)2 o m2)E e m®)? o m
HAE 11 P J7 .4 AR
AR G IN ik

Hﬁllv\%ﬁsrﬁc%ﬂ:
- r=2 420 027 = (1 011011111110100111011}2, T8 3 A 100,111,011 ¥l

i D

VOBLIE
m*=(m*) e m,m'=0(m*)* ,m"=(m") + m°
M2 = (((((m)?F » m*)E e m)E e mDY e mH? o m?
3£ 23 WP TJ7 .8 IR
o ARG I A
(SSM SM S SM SM SM SM SM S SMSMSSMSS SM SM SM S SM SM)
321 AFT7 15 ek
2420 027=605 007 X34+605 006
605 007=(10010011101101001111),
605 006=(10010011101101001110),
T8 ZE 1) A7 ik AT
212002 = ((CCCCCCCGm™T o m*)2 o m®)? o m)? o« mi)t
m*)? e m* )t e m*)? e m')? e m')? e m’
HAE 16 FT7 10 IRFe ik,
(7) Barrett IH2Y.

E%I—] L'\a‘r: (?’fzé_lﬂzé_g”'?’flﬂg )59 M: (nik_lnik_z”'klkﬂ )5 o Ny #0; }R ;\‘r(m(}d M) .

bzk
=)



FTE ABPFHEEEFSRKBHAAEK e 101 -

N 2
ST q "_Lg}k—lJ* Q2= qitt +qs “_L(JHIJG

S2 i< N(mod b*') ,r;<q; » M(mod b*™') ,r<—r,—rs.
S3 #5 r<0, Wl r<—r—+0**",

S4 %5 r=m WG r<—r—m . FE S4 2,

S5 it v,

5] 7-5 N=2789.M=097,

10*
b:1mk:2¢5{§7}:um,

2789
m=| To |~ 278,q:=278X103=28 634,

28 634 3
(Jz — 103 J:285r1:2789(m0d 10 ):7891,

ro =28X97(mod 10°)=2716(mod 10°*) =716,
r=780—716=73,
5] 7-6 N=1(313221),=3651.M=1(233), =47, 01 x=3561.M=47.b=4.k=23,

#:{£1:%7:(Iﬂ3h,

m

(313 221),

qgs = (1023),sr1 =(3221), .7, =(1023), * (233),(mod b*)=1(3011),,
r=r,—r,=1(210),.2X4*+4=32+4=236,

N(mod M) =36,

(8) Montgomery H%Y .

BN BB m= (myymy— e omimo)ysged(m b)) =1,R=0",m' = —m ' (mod b) .
T=C(tg—1""tst1ty),<~mR,

g TR ' (mod m) .

ST A<T, (A= Cagy-ara)y ) »i<0,

S2 7 i<<n—1 NIE

¥ w,<~am (mod b)) ,A<~A+tumb’ ,i<—i+1,5; S2 £&,

53 A<

b"°
S4 2 A=m M A<-A—m,
S5 i i (A)
B 7-7 m=72639,b=10,R=10°,T=7 118 368, n=5,
m="7263X10+9,10=9-+1,
1=10—(72639—7263X10)=7264 X10—72 639,
72 639X (—1)=1(mod 10),



il
gy
AN
>
or
S
ais
s
EE

e 102 1z,

m '=(72639) '=—1(mod 10).

m =—m '(mod 10)=1,T(mod m)=72 385,
TR ' (mod m) =39 796, 7-4 2 S2 )&t 2.

z7-4 S2MERTE

! w; =a;m’ (mod 10) wu;mb’ A

— — — 7118 368
0 8 081 112 7699 480
1 8 5811120 13 510 600
2 6 43 583 400 57 094 000
3 4 290 556 000 347 650 000
4 5 3631 950 000 3979 600 000

i =0,u,a,m (mod 10) =8.,u,m=72 639 X8=581112,
A=7118 3684581 112=7 699 480;

i=1sa; =8, JTLL s =8, uymX10°=8X 72 639xX10=5 811 120,
A=7699 48045811 120=13 510 600;

(=21, =6 X1=6,u,mXb*=6X72639X100=43 583 400,
A=13510 600443 583 400=57 094 000;

i =3sus =4, u;m X (10)*=4X72639X1000=290 556 000,
A=57 094 0004290 556 000=2347 650 000;

i=4yuy,=b,=5,u,m>X10000=5X72639X10000=3 631 950 000,
A=347 650 000+3 631 950 000=3 979 600 000,

(9) Montgomery Fe ¥ .

AR m= (e omimo )y s 2= (xp1 2120 )5 s V="V 1 *** V1 V0 ) s

0z ,y=m.R=b",gcdm.b) =1.m"=—m ' (mod b),

fi tH xyR™ ' (mod m) .

S1 A<0, (A= (a,a,—1*a1ay); ) i<0,

S2 # issn—1 NIfE

(A+zx;ytwum)
b

ﬁél\ Hf*_({’l{] —}_-.rfy:j)”i'f(m()d D) A< &I."‘_I*_}_lfi—l‘f% S? %G

S3 & A=m | A<<A—m,

S4 i i (A) .

B 7-8 m=72639,R=10°,x=5792,y=1229,n=75,
m' =—m '(mod 10) .xyR ™' (mod m) =39 796,

m FI R FIHGHE G F—F ,oy=7 118 368, WL3& 7-5.



FTE ABHEEFLSKEF WA . 103 -

x75 B17-8%
I x; TiVo U; T;V wu;m A
0 2 18 8 2458 081 112 08 357
1 9 81 8 11 061 081 112 65 053
2 7 63 6 8603 435 834 00 949
3 o 45 4 6145 290 556 34 765
4 0 0 5 0 363 195 39 796

IR AS 5] 1 2B AT R TR U an R

m=72639,R=10°.b=10,2=5792,y=1229.n=5,

72 639=7263X10+9,9=72639—7263X10,10=9+1,

1=10—1=10—(72 639—7263 X10) =726 X10—72 639,

—m=—1(mod 10) .l m '=—m(mod 10) —m *(mod 10)=1,

=020 =2 ys =924 yo =18 11y =18 X 1 (mod 10)=8
x2oy=2X1229=2458 su¢m=8 X 72 639=581 112

(24584581 112) _
10

£:1,~I‘1:9*~1"1yg:9><9:81gul :(7+81)(m{)d 10)=8
w,m=8X72 639=581 112, 2, y=9X1229=11 061

A (58 357+11?§1+581 12 _ oo

I =2,2,=7T 2390 =7X9=63,u;, =(3+63) X1(mod 10)=6
xoy=17X1229=8603,u,m=6X72 639=435 834

A (65 053+8610(5‘3+430 834) _ - 040

f:3q~1’3:5ﬁ~1'3‘}!g:5><9:45 e!?f}:?g
us =(9+45) X1(mod 10)=1,2,y=5X1229=6145
usm=—4 X72 639=290 556

(50 94661454290 556) _
10

A= 08 307 by =17

A= 34 765

1 =4 hrdzﬂhmygzo &1’4‘}’:0&(}{]:5
uy = (5+0)(mod 10)=5,u;m=5X72639=2363 195

A (34 761.)—;0363 165) _ 40 706

(10) 2K ged 9.
CHPA N IERE o My, ao=vy.2K ged{x.v).
S1 g<1.,

S2 # o My HB (R ) G I"‘—ié-,y*—%s r<2g i S2 88




il
gy
AN
>
o
S
4
s
EE

e 104 - 1z,

3 47 70 MNEE A 45 « IEéﬁﬁﬁm'Hﬁﬁﬁr*—%a% A %,

B %7 y B g y*—%,% B,

E ;y‘ A =y WK o<, BN y<—2. 5% S3,

S it (g e v,

B 7-9 +=1764,y=868,2K gcd(1764,868)
ged(1764,868) =28,

@D 1764=4X441,868=4X217,g=2X2=4,
@ 112=7X16,

® 2172_7:105,}’&1050
@ 1002_7249,;;*—490
® 492—_7—21,;;*—21
21—7
@ T_ng{_?’
7—7
@ —— =0, <0, W& 7-6.
x7-6 fl7-9F%
T 1764 441 112 7 7 7 7 7
y 368 217 217 217 105 49 21 7
g 1 4 4 4 4 4 4 4

(11) ,J( ng H}Jﬁﬁﬁ:fﬂ; E.I A ﬂl:ﬂyw}(u !)&U&{% HT+{Jy—U9U_(I y)
S1 g=<—1.,

SS H"":_Ie'U*_‘}f&Ai_qu*_O !(-:‘{_O!D{_]-D
S4 #5 w8 EUNAE
A B

% u*—?,,E.A B=0(mod 2). mufpagjqk?,gkzgg;

Aty ,_(B—a)
2 B 2

il A< 2 5S4 2,

5 %1 v e (i EUNAE
ﬁfq‘ ‘U*_?

Thllge  C<

S5

#1 C=D=0(mod 2), EtH C< (é,D*—%—a;

(C+y) 1 (D—x)

X 2% Ikt SH 2%
2 2 1% S5




FI1TE REFEREREEG KB R K

S6 #5 u=0v W{EE u<u—v.A<~A—C.B<~B—D %,
HNAEEE vv—u.C<~C—A.D<D—B %,
S7 % u=0 WHES a<C.o0<D.%ith(a b, g« v) A RE, HEMEFE S4,
BBl 7-10 +=1693,y=609,
693=609+84,609=7X84+21,
84=4X21,gcd(693,609) =21,
21=609—7X84=609—7X(693—609)=8X609—7X693,
(12) {8 &Us 5. .
gE€EG, B e=1,2K g,
S1 A<<1,S<g,
S2 #7 e#0 NE
M e AUNEA<A .S,

i
e~ 7|
i eA0 N S«<S « S
M S2
S3 i (A) .
(13) K g® , WLFE 7-7.

i% 7-7 ﬁﬁﬂj gZES
A 1 g gﬁ g_ﬂ g_ll gﬁl gz; g"‘”
e 283 141 70 30 17 8 4 2 1 0
S g g_z g_at ga g_lﬁ gsz gm gwg gZE:-ﬁ L
gEth—[%ﬁ € — (ff;f.‘.’_.g_l "'fflff(})g :
S1 A<-1.i<¢,
S2 ¥ =0 NI{E
B A<A<A.t7e,=1 M A<A -« g, i<i— 1,5 S2 &
S3 #H (A, WL 7-8,
x7-8 HWHA
3 7 6 5 4 3 2 1 0
€; 1 0 0 0 1 1 0 1 1
A g gr g-4 gﬁ gl? gﬁﬁ g?ﬂ ng g_zg;a

(14) E'%H'] 8 &Hz(erer—l”'eleﬂ)ﬁ !(;'szfk;’z}”].e}k gfo

S1 fAb 2.,

g'{]{_]_ aff"‘_]_

K i<2*—10WHE gi<—gio1 » gri<—i+1 5 K(g,=g").



e 106 - 5 B % 20 # oz A

S2 A<-1,i<t,
S3 # i=0 NIFE

B A<A” JA<A g, i—i—1.5 S3.%,
S4 i (A,
(15) B H g Mle=C(ee,— 1 ve1e)y b=2" k=1,
S1 Ak .

go<l.g1<g.gr<g i<1,

K. #7 i<<2" — 1 {E18 goiv1<goi1 * goriit 1.5 K&,
S2 A<-1,i<1¢,
S3 # i=0 NE

YA e, =0 NIfERR A<A%i<—i—1 £ HIE

W ee;my e, i —1+H1<<k.H e,=1.
A< AT g e, il 1B S3

S4 Hith (A,

7.3 B 8 X &

AR RSA 23 % AN Sy 8 O 2 B T KRB0 ik 1 IR L & Elgamal 23 8H %5 8% 1 JIi
0 117 HE DU T 2 IOCE 25 PR XE A

@t M a &2—8E8. (a.n)=1,r & mod n B — AR 5K — 25 B, fd
a=r’(mod n) .

i p e RE a 210,12, p— 15 p HEERMEEI a j& mod p WAFILE.

LA a* (mod p)=B, & E KB ESRE BK 2.2

x=by b2+ by 2% 4o tb, 12",

zﬂ_l )E}n—l .

. 2
a*=a% (@) ¢ (q* )2+ (q

:_ 1, =0,
i H (a® )=
a + b,=1,

'Elﬁ{ a‘*=a * a.

2
Hz :az (12&

n—1 _ -
az :a2n2_a2n 2!

Flin p=1823,a=5,:K a*°.
375=1+2+2°+2"+2°+2°+2°=1+2+4+16+32+64+256,

53?5:" . 52 - 54 . 516 . 532 - 564 . 5256

5°=25(mod 1823),5'=625(mod 1823),

5 =1(625)*=2309 625=503(mod 1823).

51 =(503)2=1435(mod 1823).



FTE AHBRAEEFERBH K . 107

5% =(1435)?=2 059 225=1058(mod 1823) ,
5% =42(mod 1823),

5128=1764(mod 1823),

526 =1658 (mod 1823),

it LA
r3?555><25><625><503><1435><1058><42><16585591(1‘[1{}({ 1823)
XIECH x=375,a=5.3K a* AR CH vy oK 2 y=a SEEAZE D T, X5 & T
TR SRS IO B0 PR ME 4

7.4 K EEHJ Baby-Step giant-step &Hi%

TETE G I N nya S HAENITTER,LEG, 2K x=logfS.

S1 m=<1/n |,
S2 M (o ) 3 2 0 <m0 =T 2 AT HE
S3 A a ™ y<psi<0.
S4 25 i<m MWAVE

m (D) Kdis v R TR IR

(2) #7 y=ao NIE
Wmy<vyea " (r=im+j)a<i+1 ¥ S4,4%,

% HNEER,

Bl 7-11 p=113.a=3.a & Z/ s WEMITR . Z: BB n=112,% p=57,log,57 115

(1) m<| /112 =11,
(2) #iE (j.o’mod 113)F a3k 7-9 Fron, Hirp 0 <11,

=79 Hl7-11F1

] 0 1 2 3 4 0 6 7 8 9 10

3’ (mod 113) 1 3 9 27 81 17 51 40 7 21 63

Xf 2 7-8 M _u Rt iTHE 1SR 7-10.,
&k 7-10 B 7-11 = 2

] 0 1 8 2 o 9 3 7 6 10 4

3/ (mod 113) 1 3 7 9 17 21 27 40 51 63 81

(3) 1T/ o '=3""'(mod 113)=38,a "=38"(mod 113)=58,
(4) 7:‘8&’_”’5(1‘[10(21 ]_13) 5120&11-2-'"éhiug#ﬁ?}:%—*{j‘ﬁi*ﬂ:}% 7‘115



il
gy
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1
s
EE

« 108 = =

*7-11 Bl 7-11 &£ 3

? 0 1 2 3 4

o
=p
-~
co

y=257 + 58 (mod 113) o7 20 100 37 112 26 39 2

|
on

A Ba®™ =3=a'.f=a'", #log; 57 =100,

o "'=58(mod 113),

57 + 58" (mod 113)=57 * (a ")°=57 * o *(mod 113),
Bl B+ o *=a,f=a'".

7.5 Pohlig-Hellman & %

BIAN: n IMESHIEG MAENITR e H—TLR LEG,
iy . BN 2 =log.B.
S1 43t n=ph plz -+ phr [, =1 1<<i<<r.i<1.
S2 #7 i=r MAE
ta  y<1._,<0,a<ae.j<0,
SA: # j<a;— WAE
OISR o =0L+tLpo et pit  HP 2=x,(mod pfi))
y<1./_1<0,0<qae.,j<0.

GF5 )

y<vali? B <(B V_l)qﬁ .
H5 <logs B .j<j+1,5 SA &, %% SB,
SB: x;<lyTlLgt 11, gyt 1,5 S2, %
S3 FIH Gauss BEIHE o, CH 2=x,(mod ph) . 0<a<n—1,1<i<r,
S4 F il &,
B 7-12  p=251,a=71,5& 250 BY G IR BERY A= T K . f=210, 2 =log, 210,
(1) 250=2 5%,
(2) (G5 2=x,(mod 2)) .
i1#a =a?mod p.f =f7mod p:
@D a'® (mod 2)=250,4" (mod 2)=250,
1, =log;;,250=1,
@ (I 2=x,(mod 5*) =1, +1,5+1,5%),
ska =a¥mod p.mod p.
' =77.,a*=5041=21,a"=441=190,a*=36 100=201,
@' =42 849=179.,a*=32 041=164,a*"1"2=164 X 179 X 21=616 476=20,
r=log;, 210=197,
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#hFE: iFa =a'*® (mod 251)=250,8 =£* (mod 251)=250.,
a=71,8=210.
(71)*=5041=21,
(71)*=441=190,
(71)* =36 100=207,
(71)' =42 849=179,
(71)% =32 041=164,
(71)% =26 896=39,
64+32+16+8+4+1=125,
(711 =39 X164 X 179X 207X 190X 71
=6396 X 37 053X 13 490=121 X156 X 187=18 876 X 187=51 X 187=9537=250.
KMUUE B% (mod 251) =250,

i b
+1 ] ] g e — i1 +1 iqa a—
— (a‘f K ly =19 L4 & — (a@" )Ejt:r Foetl, 4

I=j

— ({If )IJT.—|—-.-—}—.n_’m_1q"'_l_‘f _ (E ).E}.
B )i — R Z B PLIE R A TR 8 ¢ hlogs B 55T 1,
#hFE Sa WITH ;< logs B - Bl FIE R G5 283 9L bn B ml R 7.4 3519 5 ik

7.6 Shank 3%

Shank 5% HOBE R R0, AL 3 B2, i FL 5 28 0 N AF i b
y=a*(mod p)0=<ar<n.n s&a PFEL W, B «"=1(mod p) . 0=x<n.
Shank 53k 1 LA AL . BHAE GF(p) LTy,

(1) p— d%«/;ai'zqd+rg0<ér<dgqa§"“ n,r<d=n.

(2) #EL—FRHE (A, logd ). log A=0,1,+.d—1 A ¥ FHET B K.
(3) HFBEE y=a=a*" Ll y (a)'=a"""a " =0a".

—ﬁf}q: ﬂ—d}q

V (a y (a
iTE: Vv (H'b_d)q9@209192!"':éj§ué:|:tl:%%%:%%qjjﬂi ?",r‘:li}ga\l‘ﬁ'al’:qdﬁ_ro
Hrp r=log,7.

Shank B .
S1 % d=~Jn,r<0,y<1,
S2 (A.logA ) HEAFRHE .
S3 # r=d—1 NfE
e ARy TR S4 4,



e 110 - RS- =2y

7 A PebRd =
ﬁél\ y*_ﬁygr{_r_{_l &% S2 = H_D,J[{_l
S4 TR A<a"*.B<y.,q<0, (A, )itk

S5 HAFAE (v ) JHop y=B, M

i x<qd—+r, it o A&, @ N veay
—r+1
HMVERE B<AB.q<q-+1.0% S5 2 ”

Y
Shank B WKE 7-1 s, A F T
5] 7-13 £ GF(23) I >Klogs3. 5 Wy Berite
W 0 22,805 B GF(23) AR TE % . ey
g=5~ /22,7 GF(23) Fit5H g=a",x=1,
B—
2&"'91’]‘10(21 23 ﬁ' q*—f;
3°=1,5'=5,5*=2,5"=10,5'=4,5"=
20!5558!5?517 _16 '_9_11;5 —= 9. B+—AB
—q+1
51=22,52=18,58=2],54=13,5%5=19, LI
51653

.o=5%=3 mod

e

)

/.
HE
-DT-::
|
—,
dlm
b

||
[—
(o)
-

+=
15

;H;i r=0,1.2,,y 4 51X B i fEAK ¥ Kl 7-1 Shank 53

F7-12 H7-13F 1

Y 1 2 1 5 10
7 0 2 4 1 3
5 =57 =5"=15,A<"15,¢<0,y<3, KPP I y=3=5",3 X 15=5""1"=5"=

5U=22,B<22.,q< 1, &P T y=22 W17,
'=5°=8,B<8,q< 2, KXW y=8 1T,
8><15:55“?—r23—r HHPELE(y ) JHp y=5,r=1,¢g=3, 2=qd +r=3X5+1=16,
N Z 0] DL B i B SR RO B0 ik
#r n=mn, a WAL R n.a"=1(mod n) . % a,=a™ WFZEE N n, ca,=a™ Iy
Pk AR ny o 45 b=a" .0<x<n.,
T=x9m; T 7 0277 s 01715 »

™ —

_rnn-l—_rrz

by, =0" = q*2 = q*2™M™ 2 o
T a2 =a"=1(mod n),

bl :HIEHI :axl A — logﬂl {Jl gbg :{Ja_xl :[}a

H__'J‘.]

+ — — X . _
b, =a"" "rq "1 =q"t™ =azz , 2, _logﬂz by s

WA n=n,n, B ’}klogﬂb R,



FTE AHPBEREFEKRBEHAH e 111 -

S1: ay<a™ .b,<b",
S2. 2k x1<"log, b,
S3: a;<a™ sh,<a"
S4. 2K x,<log,b,.
SS5: x<—a,n, T a1,
a ZGF(p) FIIARFEILE . y=a"(mod p).Y4 p—1 A/NEEET, R EHTE =

log,y ANEMEFFHE GF(2™) . 2 m=127 it ,n=2"" —1 B X,/ n=10", 4 m=521

i, 272 — 1T 2 R B e~ 107, T 43 T 40 J5 R o o AF 3 £ 29" =30(mod 97) .
FHE—FLE7-13): p,=29mod 97,i=0,1,2,++,9,

a
1
o

F7-13 6l 7-13 R 2

i 0 1 2 3 4 o 6 7 8 9

pi 1 29 65 42 54 14 18 37 6 77

& m=10;+:,0<;<9,

M29:=30 + 297'% (mod 97),

297 '=87(mod 97) ,87"=49(mod 97) .

B 297=30 + 87" (mod 97)=30 *+ 49" (mod 97),
A7 =0,1,2,+,9

q; =30 * 49* (mod 97) .

5 p:=29"mod 97 17 HLAL

97
T m<<97 ;j%LEJZQ ;

AMELI i=5,7=4F 30 + 49*=29°(mod 97),
m=4X10+5=45 F29*=30(mod 97) .

7.7 HIEHRWEE

AT n TEARBERAE TR o X—IL R BEG. Hih y=logp.
S1 E— G FES={prspossp ) MHGHTTREWN—F ] TR NS TTRBTFM,
h<-1,
S2 #7 h<<t+10 N{E
g8 Al BEPLIE—BEE £, O<<k<<n,iTH o,
b oF "R NS TTERMFF .
" = p pp e pit v, =0.0=1,2," 4t
ST A
98 k=c, log,p1+cy log,p,+++c, log.p., (%)
h<h-+1.% S2 &, K N5 Al,



e 112 o RS- =%

22 HNF S3.
S3 M tt+ec N HFREHAP Kt mod n 22 % log,p.mod n BH .i=1,2.,+ ¢t h<h+1,
S4 # h=<2 MI{E
B A2 BEHLIE—EE R 0<k<n—1,115H B ",
i ot RN S LR BFE .
Beat=pit o phe e e o ple d; =0,i=1,2,0 1 (%)
AT, AR
98 h<h+1,% SA &, B[ N% A2,
S5 Xif () 3R XA
log,3=(d, log,p, +d; log,p, Tt +d, log,p,— k) (mod n)
5 yv=1(d, log,p, +d; log,p, ++++d, log,p,—F)(mod n) ,
i v
AR PR B BR EOR R — A G JTU K WAAX /N5 S i $8 S 2 —Fp e 1y,
Bl 7-14  p=229,a=6,3& Zo WENILE . Z5 = la| 1<<a<<228} £, 5=13,Klogs 13
k.
(1) Bt S=1{2.3,5.7.11}.
(2) 6" (mod 229)=180=2% » 3% = 5,
6'* (mod 229)=176=2" « 11,
6 (mod 229)=165=3 « 5+ 11,
6% (mod 229)=154=2+7 « 11,
6% (mod 229)=198=2 « 3% « 11,
6°° (mod 229)=210=2+3 5+ 7,
(3) X 6 MEERX4 6 4~ S TTER IR
100=2 logs2+2 logs3+logs5(mod 229),
18=4 logg2+1logg 11 (mod 229),
12=logs3+logg5+1logeg11(mod 229),
62=1log;2+logs7+logg11(mod 229),
143=logs2+2 logs3+logg11(mod 229),
206=logs 2+ logs3+logs5+logs11(mod 229) .
i logs2=21,logs3=208,logs5=98,logs7=107,logs 11 =162,
W hk=T77,Ba"=13 + 6" (mod 229)=147=3 « 7*, [N B+ a*=13 « 6" (mod 229) =147
— 3 e 73”{&
logg13=C(logs3+2 logs7—77)(mod 229)=117
Bl 7-15 1€ GF(2) EAnfe Zm f(o)=a2"+a+1,
GEF2)3, By 128 WHE For 1] AR/ N GF(2) FIRTTEZ R 6 205,
a=x 7= F5MAENITER . F;; ={a€GF(2") | (a, f(2)) =1},
W =2+ttt at+1,Klog,f A TR,
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S={zr.ax+1l.22+txr+1.2+x+1.22+22+1) . F pr=2"—1=127,
¥ (mod f(x))=a"+z2"'=2" (x+1)*%,
2 (mod f(a))=2+2"+2"'+ar=x (x+1D*(2°+2°+1),
" (mod f(x))=z2"+2"+t2*+t2°=2* (x+1D)*(2*+x+1).
2P (mod f())=2"+2*tart+1=(x+D**+x+1),
' (mod f(x) =2+t '+ +22+ax+1=G+a+D G+ +1),
% pr=log,x,p,=log, (x+1),p;=log, (2*+x+1),p,=log, (F*+x+1),
ps=log, (*+2*+1),
18=4p, +2p,(mod 127),
105=p, +2p, + ps(mod 127),
12=2p, +2p,+ ps(mod 127),
415=2p, + p,(mod 127),
121=p, + ps (mod 127),
fifE S SR B 7 B A
pr=1p=7+p3=56,p,=31,ps=90
A k=66,
="'+t +Da* (mod f(a)=2"+2°+ar=x (°+ax+1)°
log, (' +2°+2°+2+1)=(p, +2p;—66)(mod 127)=47
B 7-16 p=541,g=2,p—1=540=2% « 3° « 5,3k 2"=345(mod 541).

o41—1

2(7z) =540(mod 541),
2(*5) =125(mod 541),

o4—1

2 (75 ) =48(mod 541),

S=1(2,3,5.7),

211=168 384=154=2+7 + 11(mod 541),
281 =294=2+ 3 » 7*(mod 541),
227=275=5% « 11(mod 541) .

24 =35=5 « 7(mod 541) .

2390=352=2° « 11(mod 541),

2 my =log,2.my; =log,; 3.m;=log,5.m,=log,7.ms; =log, 11,
2U=2 ¢ 7 ¢ 11=2"%"% « 2lo&7 o plogll —=pm & 2™ « 2™ (mod 541) ,
14=m, +m4 +ms (mod 540) ,
RKUAF 81=m, +m,+2m, (mod 540) ,
207=2m,; +m, (mod 540),
214=m,+m, (mod 540) ,
300=5m, +ms (mod 540),
WK ST i W] A 7 FE LA
m;=1,m, =104 ,m; =496 ym, =258 ,m; =295,



e 114 - RS- = 2%

af 2'=2(mod 254),2' =3(mod 541) ,2***=5(mod 541),
278 =7(mod 258),2*°*=11(mod 541).
3k 27=345(mod 541),
345=3 « 5« 23,22 « 345=2°% « 7(mod 541),
213 o 345=2" « 2"=21""(mod 541),

23 . 7:23 . 21952?223+1052? :23-lug22+10g2?' \

13+m=3m, +m;=3+258=261(mod 540) ,m=248(mod 540) ,
B} 2% =345(mod 541) .

>] i

. L ECE BRI .

. RER Rz B R

. Montgomery ¢ 4 T2 ,

. 2R ged(x IR,

. R asbyuifl axrt+by=v,v=ged(x.,v) % FE.

= W Do =

n



B

E£8E M E #H =%

i 13 i 28 | A BU LM 22 e A 2 kR A M E RS WM A R®R B non H . A #idh s
WOEME R 2R v — NS B K 150 et AR E B R i E YL T e
B3, 8 X 10V 4E 1 — % 4H K 512 FeAEm RSA 2N HAUTE 3 X 10 4F,

8.1 Waeierstrass 77 %

2 ECRIH R fh 28 ED .
vitaxytasy=a*ta,x* ta,xtas (a),az assa;,a€K)(*)
AR e B K & 5280 R F1A FEAEL Q.
7| 17E 7R R
Y:y—f—?(alr—f—ag)-,y:Y—%(alr—i—ag)-..
AWNEDIE
Y?— (a;x+as; )Y—F%(a?i‘z—FZalag.z'—Faﬁ)+a1:r [Y—%(alx—Fm)

1
“+a; [Y—§ (ayxrtas) ] =2 ta, 2" ta,x+a;
/%" Yz _}_{Ili’Y_}_EgY:.I'g +~‘Igi’z +{I4I+EE o
u‘I]: (_H1+H1):0&

53:(_-{13_}_&3):0&
1 1

Ez:az—}_?ﬂf Idl —dy +Id1
_ 1 1 1 1
u‘il;;:CI;;_?Hlﬂg_}_?alﬁg_}_?ﬁlﬁg:U,;;_}_?alﬁg-.a
a5 =g 1 +—a —as+-—a?,
6 4: 3 3 i 4 3 *
1

E‘f——hg o hdr—f—

f)z=4ag+u1JJ,1=2L.{4+u1aggfiﬁ=a§+4aﬁo

PETE S 75 244 (3] it Ze i1 vl B2 B .

Bl 8-1 y'=x*—3x+3,

22 o3 A O T o BRI M SR ik vy = £+ /a2 — 32+ 3,
VI v=+/2® —3x+3 KFH.

dy 322 —3 ,
d‘}: j -r/i:c’\‘}’ :Osl':i_la
x 2./ —3x+3




e 116 RS- =2

il

d*y 1 d 3x°—3 3 (a' 62" +2x—3)

de®  2dx /35 =343 4 /2 —3x+3
o PLAIWr o=+1 AWAE S FE(— 1, L)YyNA B K 8-1 s,
B 8-2 V=2 —z.y=tVr(x—1)(x+1)MEHE =0, 20=+1,y=0.
2 7E (0,1) o XWE 8-2 Firan .

Y

Vi

[ a

=Y

K 8-1 y'=a2—3x+3 K& K 8-2 =z —z K&

{51 8-3 yz:.rg—f—.rggy:\/.;rz (.r'—l)m':()%‘H.I':—Ly:(]a
dy 32" +2x dy

» lim === +oo, 4 [&] 8-3 fran,
dr o /347 —-1dx

Bl 8-4 P =2, WK 8-4 s,

Vi
i

=Y
<Y

K 8-3 V=2 (x—1) K& Bl 8-4 =2 E1&

8.2 FHlAAIHEI

A TANF I8 1 ANfRE Weierstrass 77 B8 5% 4 i,
E:y =2* +azx+b
AR AN 2R A S B RE L A S R v = () R RRE f (o) M (o) AT
(x—a) B f()FH (x—a)® AN,
EIE81: f(2)=fo+ fratr -t fox™s



F 8 FE AMHlE & e 117 o

glx)=gotgrat- +ga",
f}EK&i:l&Z&”'&?”;g'jEKajzlazg'”g?I
FCOM g B R FE B EFRAZE (mt+n) X (mtna)fri.

f‘ﬂ .}cl fz e Jcm—l fm 0 0 ' O
0 fvﬂ, f‘l e san Jcm—] Jcm -
em AT
. j ~0 j ~l ter f ‘m
R(f.g)= " 70
gﬂ g‘l gz - g‘n - 0
go &1 gn—1 & = 0 L
n AT
2o 21 ves o |

R (f+g)PRA f()F g(x)B%5 3.

iE JEIE () .g())Z L f(o) g BARAHR a (O M TEFMFRAHEEETZL
I () g () fff g(o) L) =F() g (), H () BIRT /DT m,g, () IR
Ji/hTF n,

- , : f(x) g(x)
A 1 ) - N ’ ¥ _1 , " _—!_ r .1 — ’
NAFTE d(x)= (f(2) g(2) ). f1 (&) T g, () ()

deg(f1(x))<<m.decg(g,(x))<n, (g, ()=f () g(x),

L REFEIEZFZIHA £ (), deg(fi () <<m, K g, (x),deg (g, () <<n,
Ll glo) =g () f) s M (f(x)g(x))FL, MHEARKR N L) gla) =g, () f(x) 7]
() g fLla)s (f()eg())y=1.8 f() | fL(x) 5 deg(f) () <<m B E

&
ZS
filx)=—a,—aix—a, 2" — - —aup "
g1 (x)=by +byxtbyx®*+-+0b, 12" ",
() glae) =g, (x) f(2)
] 5 A

(—ao—a;x—a, 2’ =+ —a, 2" ") (go tgxttga™)
= (bo thyaxtb,2° ——b, 2" ") (fot frat ot fnx™)
LECS S $-W
(Do fotaogo=0,
bo fLTb, foTaog Taigo=0,

On—1fm T Q18,05

BRI (boby++b,—1aoai+a,—1 ) [R(f,g)]=0.
Hp [R(fag) 12170 RO ) RN J7 B EXEAEZME: bosbys s sbuisacsars s
A1 MFEEZZNMFZ R(f,.g)=0,

Bl 8-5 E: y'=zx'taxtb,f(x)=a+ax+b, [ (x)=32"+a.



- 118 - 5 B %205 At
b a 0 1 0
b a 0 1 a 0 1 0
0O b a 0 1
Rff 0%00!0300—%!}&01
* — a . —0
(27 « 03 0/ “la 0 3 0
0O a 0 3 0
a 0 3 a 0 3
0O 0 a 0 3
- 13 0 0 a 0 117 ~ la 0O 1 b a 1
—=hH|b |0 3 O|+al3 0 O||+ala |0 3 0 a 0 0
- la 0 3 a 0 3| . |la 0O 3 0O a 3
=270+ 94°
Bl 8-6 V:=1°,a=0=0.,270"+94°=0,
L8, 1 A py | 8-4.4 A 5 M.
8.3 MEE ML ERIMEEN
E: yvY=2+Ax+B. (%)

W P(xyoy1) Qo vy #hie E FRAHS . PFQ. A2 P+Q=(x3.y: )i PQMH
ZAZE TR S RUWEE FAAHS.R T« BiXTFrm SR P+Q.

X B ATE A SRR TR EE T K A2

P=QWm,P iMUIZ&3 E T R & R 5 KT x HrXFR s 2 2P,

it Py sy1) o QCay s v ) I H L T FE IR N

N2 W1
VAT A |

y=mxtbsm= =y, —mar, =y, —mxsy»

(AWNEDIE
2P —m’2*+ (a—2mb)x+ (B—0b6")=0,
(r—x1 ) (x—az)(x—a3)=0,
x, T a, +axs=m’
PR E 2R KRG vy=m" — (21 +x3) sys=m (a3 —21) Ty s
i P7Q B

‘}:'3:??1(;{'3_\1"1)‘}_}’1 .
ﬁlj 8-7 yz:J'g_}_l?,Pl:(_lgi]:)ng:(Z&S}g-}K P1+PEZP3(J'3 &yg)yﬂ PIPZ EI/”"]

e . —4 1 2 1 1 g .

HE BN y:n1.1'+frgrn:2_5(_1): 3 325—?:4 gz?gaﬂ PP, WHZ TN
_ 1 13

Y= 3\1%— 3 o

RA 5 =2 +17 i3

L
L

0,

2 |
+13—3) :,1'3—|—17,1'3—i4r2—2—£ T (@—17)—

9 9



%8 F MHE &

« 119 -

1 10
.I’gz___lz_ja

9
1( 10,13 107
?(?ﬂ+3_2w

97 27
B 88 Vv =1*+17,P,=(—1,4),2K 2P,

— 3 (1.4 SRR

(—1,4) 8

P1+P2:P3 (_E 107]0

d_.}’ — 3.1'2 dy S‘IE

=3 _ 3 3
y—4 8(1#-1)93/ 81#—8

9 210 1225

3 135Y) _ 39 o, 210
(8i+8]_"1 +17.2 61" 615 64
s 9 , 210 137
R 641 61 a 64 0,
S T ok 3 39, PR
w2k . y—g‘f_g)LE:.l:(hi’ oV )
9 o e w9 5 119
64 2+I o A 64+2 64 .
. 3 119_}_31.)_3..)7_{_31.):21.)97

Y T8 64 '8 512 8 5127

_ (119 2597
ZFL_W:64 © 512 ]”

Bl 89 Vit y=2—2,P=(1,0).2k 2P,3P.,4P,

S — _i I:E _i)z_}_ _i :EE+52

2 __ a3 __ g2 1 _ 1

77 <,.c S + 1 &P 1, 2 )3

|ﬂf‘?ﬂ%hﬁ. 7?2:(53_52_{_%!1{):(1!%)‘}& 2P&3P54P

dyp_ o0, dp_ 38 —2¢
sgozel 1 1
m=— 2’? (1.%)_1 h=— 5 . 7] & 5

+17=0,



e 120 o RSN =2

ES_ZEE+E:05
2_|_52:2H.,c2 :0&7?:5__:__

(04).

(2) i-i(l' ]fﬁ]( %] %I éé’}éﬁ;‘:z 7? ?HE_}_!?';H?:O*;(J:_ L

?3 7?:?!'

,_.
—
N.‘r‘l—i
N
=3

|

0o | =

1 1 L
_E2+EQZ+EE:1353:_19?7:?33}):(_1&_?]0

(3) 2(2P)=4P, %I( %)E@@J%‘aﬁﬁ y=mx+b,
m:SEE_ZE =0 — L
2 Ly T2
i 2_ ) i -
(2) _Sa S + 1 &‘?3

1
0+<§d:1a54:19??:—;

—(1.—L
4P—(1, 2)&

(4) (L%jﬂ](—la—%) 2T R np=mé&+b,

1 1.
:n:?,a’):oaq:?qq
1 2_;-3_ 2 i
(25] =& — &+ 1
3 9O 1
g 45 +4 0

1+ (—D+6=1,6=1,7=—

(1, —L
w1 1)

Bl 8-10 *=2—36x.P=(—3,9.Q=(—2.8).>K P+Q Kk 2P,

9—38
—3+2

(—x+6)'=2"—36x.2°—2"—24x+36=0,
(x+3))(x+2)(x—a,)=0,3+2—a,=—1,2,=6,
Y2 =36X6—36X6=0,y,=0,

(1) PQi#EZ y=mx+b,m=

= —1.b=6,h y=—2+6 LA y?=2°—362 1%

P+Q=(6,0),
(2) dy 32t —36 :27—36:_i
dx 2y (—3,9) 13 2°

PSR, y=— L2 E R T (y) M y=— 2 RAE,
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X 15 2_,.3_ . .,3_L..2 E_ 225 _
( 2 + 2) — 361 o 4.I + [ 2 BGJI 4 — 0!
_ 3 1 4 -1 1 25,15 _ 35
6+ a 411 64-;:}?3 2 4+2 8&
_ (25 35
op=(2:-F).
Bl 8-11 V' +y=2*+22,P=(0,0),3K 2P.3P.4P,

2
(15) +(r 5 )=e+ep=ere+pp=(0.5)

2
(1) 29 91=3¢ 426, _3& 26

— M‘ 0,
dé d&{ (0.1 27

|

LR E S E=E (G D=0,

1
(2) ( 1-; 7
1 2_ 3 2 1 3 _ .
E+? —E +E —}_I’E _E—OqE(E_l)(E+1)—Oe
1 a3 ap (7 3
EE_]-!?? 1+2 2!3}3 (1- 2):,

(3) 2K AP=C(& sm) )J\ZP:(—L—%),EJI@]%%jﬂE: n=mé&+ Db,

_dvy_(352+2s) o 3—=2 .3
m=-—= ———=—1.0=——
dé 2 J(—-3) 1 2
MR = —6— S A =8 +8+.

™ 2
(—s—%) — @+ &+ .8 +36—2—0,

_2+E,I :O&Ei :297?:_2_—:__:_3

-
= |2,3=
1P (32)0

(1) P+3P=4P,P=[0,%),3P=(1,—%J,P 3P LR g —— 26+,

2
(26t ) —erE T t—o,

E(& —36+2) =8E—2)(E—1) =0,
Eal — 23-



e 122 . RSN - =2

_ 1
1P = (2,3 2]

& ERM T HIE =k FRIE_ERHE

bl
R

8.4 R

fEMiE 2 By s i O #on X P.QEE A .
(1) O+P=P,P+0=P,
(2) —0=0,
(3) 41 Q= —P,.P+Q=0.
1 [3] il 2k 00 T Ik Aa B A e A . B TARRF uE B it 25 R O 8 2 O T RE AL,
Bl 8-12 =2+ +6.K=GF(11),
r=1,y*=1+1+6=8.,y&¢GF(11),
x=2,y'=8+24+6=16,y=4€GF(11),(2.4) €EGF(11),
(2. O KT x WWXIPR L (2, —4)=(Q2. T EE.
r=3,y"=27+3+6=36,y=6E€GF(11),(3,6)€E,(3.—6)=(3,5) €E,
x=4,y"=64+4+6=74=8,y¢GF(11),
x=5,y'=125+5+6=136=4,y=2€GF(11),(5,2)€E.(5,—2)=(5,9 €E,
x=6,y?=216+6+6=228=8,y¢GF(11).
x=7,y'=343+7+6=356=4,y=2€GF(11),(7,2)EE.(7,—2)=(7,9€E,
x=8,y"=512+8+6=526=9,y=3€GF(11),(8,3)€E.(8,—3)=(8,8)EE,
x=9,y*=729+9+6=7=7,y¢GF(11).
x=10,y*=1000+10+6=1016=4,y=2€ GF(11),(10,2) €E,(10,—2)= (10,9 € E,
M
E(GF(11))={0,(2,4),(2,7),(3,5),(3,6),(5,2),(5,9),(7,2),(7,9),(8,3),
(8,8),(10,2),(10,9)}.
Bl 8-13 V=2t +6.K=GF(11),
(D) 2R(2,4)+(3,5).
(2, ) M3, ELMTTHE y=max+b,
—4
3—2
A V=24 r+6H(+2) =2 +r+6.(x+2)2 =2 —22—32x+2=0.
(x—2)(x—3)(x—27)=0,
2+3+ax"=lya" =—4=7,(7T,9€E (7,—9)=(7,2) € E,
FTLA(2,4)+(3,5)=(7,—9),
(2) k2, 4)+5,9).
9—4_ 5
5—3 3
24+1,1=3—2=3—(11—3X3)=4X3—11,
i 37 (mod 11) =3,

o

—1.6=2,y=x+2.

nm —

=37 ' X5,GF(1D)XRFFL 3 '=4,11=3X3+2,2=11—3X3,3=

n —
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m=4X5=20=9y=9x+0b.,b=8,

(mx+b)=2"+x1+6,

2=mPr— Cmb+1)x—b*+6=0,

(x—2)(x—5)(x—x" )=—m",

" =m"—2—5=81—2—5=74=8(mod 11),
=9 X8+8=80=3,(8,3)EE,
(8,—3)=(8,8)EE,(2,4)+(5,9)=(8,8),
(3) 3K 2(2.4).

dy 3x°+1 13 o,
d.l' dI 2\}' (2,4) 8 8 13

8§ '=7(mod 11) ym=91=3(mod 11) .

y=3x+b.b=—1=9,

Bx+b)=2+x+6,2°—92*+(1—6b)xr—b*+6=0,

(x—2) (r—2")=0,—x" —4=—9,2x" =9—4=5,

*=3X54+9=24=2,2(2,4)=(5,9).

) 8-14 E. vV =2 +2x+4.K=GF(23),

D 2=0,y"=4,y=2€GF(23),(0,2)EE,(0,—2)=(0,21) EE,

@ x=1,y"=6,11"=121=6(mod 23),rLl y==+11.(1.1DEE,(1,—11)=,12)EE,

@ x=3,y"=27+3+4=34=11,y¢ GF(23),

@D x=4,y*=64+4+4=72=3,y¢GF(23),

® x=5,y*=125+5+4=134=19,y&¢ GF(23).

©® r=6,y*=216+6+4=226=19,yv¢GF(23).

D x=7,y"=343+7+4=354=9,y=3€ GF(23),(7,3) € E, (7, —3) =
(7,200 €E,

® xr=8,y?=512+8+4=524=18,82=64=8,(8,8)EE,(8,—8)=(8,15)EE,

@ +=9,y2=927+9+4=742=6,11°=121=5X23+6,(6,11) EE,(6,—11) =
(6,12)€EE,

@ »=10,y*=1000+10+4=1014=2,y=5,5*=25=2,(10,5) € E, (10, —5) =
(10,18) € E.

@ +=11,y*=1331+11+4=1349=12,9*=81=12, 8k (11,7) € E, (10, —7) =
(11,1 €E.

HA A ——% 28 , 8 A (13,11),(13,12),(14,5),(14,18),(15,6),(15,17),(17,9),
(17,14),(18,9),(18,14),(22,5),(22,19),0.,

B 8-15 y'=2*+x+4,K=GF(23).P=(0,2),>k KP,k=2,3,,29,

2

m:?)l T+l :i:iL_lEG,y:G.:r—HJ,h:Z
Zy (0,2) 4

y:6;r+2 ,

(6xr+2)i=2+x+4.2°—3622—23xr=0,
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2P —132=0,2*(x—13)=0,2" =13,

y*=6x" +2=80=11,

(13,1 EE,(13,—11)=(13,12) € E,2P=(13,—11)=(13,12) .
3P=(11,9),4P=(1,12),5P=(7,20),6P=(7,11),7P=(15,16),8P=(14,5) ,
OP=(4,7),10P=(22,15),11P=(10,5),12P=(17.9),13P=(8,15) ., 14P=(18,9) ,
15P=(18,14),16P=(8,8),17P=(17,14),18P=(10,18),19P=(22,18) ,
20P=(4,16),21P=(14,18),22P=(15,17) ,23P=(9,12) ,24P=(7,3),
25P=(1,11),26P=(11,14),27P=(13,11),28P=(0,21),29P=0.

816 V:=2+2x+4,K=GF(23),P,=(4,7),P,=(13,11).

(1) P, +P,,

(2) 2P,

@ i P, f P, WHEZL T FE: y=mx+0b,
_11=7_4 _

m 3—1 9 97 X4,

23=2X9+5,9=5+4,5=4+1,
1=5—4=5—(9—5)=2X5—9=2X(23—2X9)—9=2X23—5X9,
9~ ' (mod 23)=—5=18(mod 23) .

HLETT R y=18X4a+b=72x+b=3x10,
Bxr+b)*=2>+x+4,

2P =92 — (66— Da+4—0b)=0,
4+13+x"=9,2" =9—17=—8=15(mod 23),
Yy =—3(4—15)+7=33+7=40=17.
P,+P,=(15,.,—17)=(15,6).,

@ & 2P, =(x" .y"),

o Py, f gV T y=ma+b,

dy 3a*+1 49 . .
— == —— = X 49= X 3,
e 2y |am 14 14 49=14 3

23=14+9,14=9+5,9=5+4,5=4+1,

1=5—4=5—(9—5)=2X5—9=2X(14—9) —9=2X14—3X9=2X14—3(23—
14)=5X14—3X23,

147 ' (mod 23)=5,m=5X3=15,

UL E T (& UL FE y=152+0b,

b=16,y=152+16,

(15x+16):=2*+x1+4,

23 —2252*— (480—1)x—256+4=0,

22— 182" —19x—22=0,

2X 4+£=18,6=10,7=15X10+16=166=5.

2P, =(10,—5)=(10,18),

H
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8.5 GFQ2H FHI#EMmZ

Weierstrass J7 &
vVitaixytasy=a2ta,2* +ajxtas
F A R 22 19 X5 A [R] 73 385 Y 5 ik TR A6
(1) char(K)=2,
E: y*t+ay=x°+bx+c,
E: v tay=2a2*+tax*+tc,
(2) char(K) =3,
E. y"=x+tax*+tbx+tc,
(3) char(K) >3,
E:. v'=x+tax+t0b,
E X dy=alt4a,.di=2a, taas ds=ai+4as,
ds =aias T4asas —a,asa, tazai —aj
co=d;—24d, A= —d5ds —8d; —27d; +9d.dd;

2
(F) =4
j(E)—ﬂ

A B A Weiterstrass J7 2 19 H] 51 = .
2 AZ0 R j(E) A E A&,
X Y

Weierstrass R Z T ERRA: 2 2=7.9=7

Y:Z 4+ a . XYZ +a;YZ? = 2° +a, X Z+a, XZ% +ag 2°
F(X.Y,.2) =Y Z+a, XYZ +a; YZ? —2° —a, X* Z —a, XZ? —as /°

3 l:) t:] . ¥ .. R
T£P:(X,Y.,.Z)EE,aiaalF,,a;E&'“ﬁ—“’i‘ﬂkﬁamﬂﬁ Weierstrass NAEA 7. #
IF OF OF , 0 s e 1 o -
aX!aY’r}Z?‘:E‘P un__l:.jlg? '9J\IJ$”;F‘ Punj!g_%:#un 9WCICI'S'[I'HSS *f'ﬁ;jj_ﬁ:#o

E 1 (E)=0,% E 3 5.

8.6 P+ (Q+R)=(P+Q)+R

P+(Q+R)=(P+Q)+R.# K H H 5 Uk 7 ik B A H o, R i R H —Fhow) 55
IRTIRE

MRt R — =L . e F(roy) =0, F(ax. IR ERT 2 3.8 F(x.y) 5
it R — A — IR I, — o R I, W ER y — [BE e A — B . 5 F (s y) 57
it R = A — R T I Y e AR ) S R =R B A Rl L DR R ) = Ukl 26 0T BE A AH [
B4 o He A AR [R) 5B 43 1T BE & — B2k . W AT BE TS = Wk il 28 L [R] 58 43 SR — (5 4 il 2% L S A
B 0] A2 F P 55, PSR R th 26 0] 28 F 9 5 AR 8 Bezout B . MIARACECAIEHZ F(a.y) =



B2 a0 B AR

Tl

e 126 = f

0.G(xsy) =0, EAMKIKA m Fl n. B ICIE[EER 53 0] 9 il 28 1 28 S 80 mn A 45 238 15 AL
fa L mn, WA S [R50,

3

m=3 i} F= 2 a;x'y’ 10T, 22,2y, ay® .y’ 2t ay .y s,y

i—0
A<s

F(x,y)=0 M AF(x,y) =0 Fik[a]— £ .

EIE8-2: M N =KL F (r,y) . F,(x.y) TAHNL M =KL F,(x,y)=0,F,
() =089 MEHE . BH—-PT=WMZL F(x.y)=0 PP =) 8 22 &, | o
U A o) = W

iE HEGE F=cF,+c;F; BIn] yep 0, BATEEZR .4 FZo FL o, Fy, ik H H B
X e

Fi7cF, &0 F, =0 f F,=0 4[q] .

E4HE A BWAE . F*=Fupu=cF—cF,—F, AT T RERAB =172 cocy ey i
F*=03 A.BWALF" B ITA I 3,00 deg F*<<3,47 9 DRl Py Py Py &=
PM=RME& F,=0,F,=0,F" W S . Fapidid A B M A

Py Py Py 247 = A —HZ I ARYE Bezout & B, — FLZ A — =k il 4k H g
LF =0 /MR EHLE FL=0,F, =0 P> =il £ 09 36 [R5 4 . R R — — y il 28 A
— =ML T 6 LT PA Py Pysee Py B 6 J5FE— W2k | 2580 6 45, )X
TR Fo =0 f F,=0 /3 [E S S0P E .

P, ~Ps &€ P, #1 P, fE—HZ& L b, H4 Py, Ps, -+, Py fE— BRI C I, &
7% e = P I

(1) P, £ L I

(2) P, 7 C I+

(3) Py lEANTE L b AT C L.

oA AR (1

(D et BlCAGFEP; ,i=1,2,3) 8 L El—r U BEAEL L, BAFEC L. L
MFEF"=0H 4 PP, P, Ml AZLFL.L B F* =0 W—ILFH 2. F* =0 19575 —HB 00
Wi Colill BARETE Fas=0 FS T .

(2) XPMIEILI A(FP;.j=3,4,. 87 C L. BBATEL L. WATE C I,
F*"=0MCZZT 6 5.4 CLRZEILFERT . F* =0 P HABITK T BB E L. MS F* =0
At BrEAETIE .

(3) LA M B AL E,olLIUER] Py AfE Fas=0 L. S8,

GG F(x,y)=01f F, (x,y)=0,F, (x.y)=0 1 9 P2 EFH 8 A F(ar,y)=
O Fi(aey) Fe Folaay) =0, 5035 9 &S Wi 8-5 Fizs .

A ke E PH A [ il 2k 1 OG-k 09 45 5 B T

&l 8-5 £ 1 B .

P, f1 P, WiEL L E T PP, .0 P, P, &/~ P, 55 P, 3% 251 5] i 28 1% 4 14
O(P.P,))=P,+P;,, P O ZEFEL.£LRO5P,P, #LSE WL NMNIELZL TP, +
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P, P i
Pl\ <>/ ; PytPs
(P +P)P; ’
=P, (P,+P5)
] LZ
PP,
4 8-5 i [ iy 2

P; .0 S Abel BEy 20 7 .
BPALELR (12 =1.2.3) (L, j=1.2,3) 40 514U h = 4 B4 M 19 = W i 2%
I Cy ol ML, KW

L, L, L,
l; P, P, P, P;
s P, T P, + P,
Ly P,P, P, +pP, O

T %R P,(P,+P,)=(P,+P,)P,.

EmsC, MC W8 1ntsk. PPy WPy s Pr+P, PPy s P+ Py Py Py O,
WA E P, (P, +P) (P, +P,) Py YERE 9 N3,

Hasse F H .

ZE(F,)=qt1—1t,

1] =2+q.
1N

8.7 4

(1) Diffie-Hellman By %5 4H H 3 .
STIBEN T AR ERE P Ka,2<a<p—2.
S2 A BEPLIEE x 1ssa<<p— 2. 315 ka=a"(mod p) A ¥f ks 1K B;
BREHLIEE v, 1<<y<<p—2,1T8 ky=a’(mod p).B¥ kp i£ A,
S3 AW by JG 15 kas=(a*)"(mod p);
BULH by JG1TE b as=(a")?(mod p):

pa|
o
&
ES
=
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(a®)?(mod p)=(a”)*(mod p)=a™ (mod p).

@ 6B 2 i) % B B PR

S1 A BXU A TFIEEA R GF@2YH) LBtk E f P € E(GF(20)) .

S2 A BEHLEEE 2, 0<<a<<Z E. i1 ka=2P. ¥ ks 2£45 B;

B FHLIEIR v, 1<y<<Z E, 15 ky=yP. I kp £ A,

S3 BULE ks JE T kas =yka=y(2P)3;

AWE| by TG kag =xkg=x(yP).

@ Elgamal 224 .

RGRMRERE p LGF (p) EWARIFITTR g P AR 2, € (0,1, p—111F
Foya=ga(mod p)o ya N H B a4 RE . ABPALHp, g g (mod p)).B ] A ik x
AR m WINE S o=m<<g—1.

S1 BHEA BAH(p.g.g% (mod p)).

S2 PEALIEFE B b 1<k<<p—2.

S3 115 h=g"* (mod p).d=m (g™ )* (mod p),

S4 B AkXEG,d),

A fif TR

S1 {15 r*~ "4 (mod p).

S2 h™“ad (mod p)=m.,

KL A2~ % (mod p)=h*""")H)h "a=(g")* ' (mod p)=(g" )" (mod p)=h “ad (mod p),

h™"ad=g “a*m (g*a)*(mod p)=m,

(2) "R phzk iy Elgamal 23] %65 .

Aot BRI 2 E M — .

B ] A %85 ot R .

P ABEPLER v.0<u<=E ERH.B.=ua fERNAH.

B ] A R LA E m= Gnyomy) i T2

S1 158 uva=v(B,) = (x,,y:) »v &= BIIFE . B ] A £ (B, »xumy s yum,)

S2 AR (B, sxumy s yim ) JGTHE uB, =uva= (xy s y.) « N zpomy FeLh 2" 15 m,, FEN
Vi, 15 m, .

NH E. € E WK 8-6.

A
i 1, 17E Hid e
O<u<#F B
i-‘l-%:ﬁwzuﬂf \ Fiﬁmﬁv

O<p<glL,

C ?T%Hmz{xk? y.i‘;)c'
it Buva=(x,, y,), T8 ey, yms) e
Mxpmy, yam,)

fia(ar,, my)

Kl 8-6 MR Hh £k | Elgamal 722 %] % #4
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8.8 #H T & &

(1) 3R KP &,

/%\ K:(kr—lkr—z”'}elkﬂ}g ,!'21-6 {0‘1} ’ng%r—l u‘?_’r_l —1,

r—1
KP= > k;2P = 2(+++(2k, s P+ k,,P) + =) + ko p.

j=0

S1 Q<P.,i<r—1,
S2 #7 1 =0 W% S3,. & M4 Q.45
S3 Q- Q+Q,
1 k=10 Q-Q+P,i<—i—1.%; S2,
(2) K= (kb 1+kiko)y b=2",h=1,k KP,PEE,
S1 Py<—0.,i<1,
S2 Ay i<<2"—1, M4E
% P, <P, + P, i<i+1.% S2 #&
S3 Q<0.1<¢,
S4 #F i=0, WAE
B Q< 2'Q. Q< Q+P.i<wi—1 5S4 #&_
S5 fi it Q.
(3) Bl PEE,K=(kk, kb)), b=2" ,h=1,k KP,

k0% b =2, u;, A R, =0, 0] h,=0,u,=0,

S1 P,<0,P,<P.P,<2P,i<1.
S2 # i<t —1., 0
VEMG Poiyr<Poy + Py i<—i+1 ¥ S2 2%
S3 Q<0.1<¢,
S4 # i=0 MAE
W Q<2M (2" MQ+ P, ) ii— 1.5 S4 £,
S5 fi it Q.
(4) PEE.K=C(kyky_1**ko)s h=1,2k KP.
S1 P,<P,P,<2P,i<1,
S2 #y i=<2" ' —1 MAE Pypy <Py + P,
S3 Q<0.
S4 i<h,
S5 5 i=0 W ¥ S6 ., & M| F% S8
S6 k; =0, M{E
B Q<2Q.i<—i—1 % B4 S7,
S7T I R TH (hikioy k) vi— 1+ 1<h kb, =1,
Q<27 Q+ Py, il — 1.5 S5,
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S8 i i Q
] 8-17 K=(101101111000101),=11749,A=3.11% 8-1 fT~.
* 81 KPHZE

i Q K AT
13 O 101
10 oP 101
7 ((5X8)+5)P=45P 111
6 ((45X8)+T7)P=367P
5} (Z2X367)P=734P
2 2X734P=1468P 101
0 ((1468X8)+5)P=11749P

8.9 EAE G2 EIN

TEM B i Ze g b o vh g | i 1 2 5 b
A(x) e GFC(2")™) .
Al)=a, 2" ' ta, 2" *++a,xt+a,.
a;, € GF(2"),
(1) XTFGFCHOMFE, rfA GF2OMAFFILRARRUAIF TR w BWIRTT,
E=log(w") ,w* €EGF(2") ,kE {1,2,++,2"—1},GF(2") = {0,w,w’ .+, 0w '=1},
w* =antilog(k) =antilog(w*) ,w* € GF(2*) k€ {1.2,+-,2" —1},
BJE I GF2) [ T0E wi vw; 1Y 36 3 T 1 3 1 6 5000 m 2%
w;w; = antig(log(w;) +log(w;)) (mod 2" '),
A o WG TR Y 3R log M antiglog % .
(2) KXF GFCC2)™) fymnik .
Clx)=A(x)+B(x) A(x) .B(x) ,C(x) €GF((2")™),
= (Cpyx™ Pt topxteg)
= (apa™ 't taiatay) T g™ ety b0y)
ci—a; +b,cGF(2"),
(3) GF((2")™) [l e i -
C(x)=A(x) XB(x)mod P(x),
P(x)fE GFC(2")™) EAT L2 25 .
ETE GF(27)™) Fe ik Z 5 . e 4 Karatsuba-Ofman B3,
M B JRIR B BRI R E 8 ALB #8520 80, — M EAE n® IR— L8 3 i, LT
Je Rz SR, S AR
2 A= (0,107 +a,) ,B= (5,107 +b,) s iXH ay ya, by 4 by #SE 27 L EL,
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AB: (al +a2 ) (hl —}_E}z ) +a1!J1 _i_aghg o
2 p="C(a,ta,) by +by)yg=a b, sr=a,b, ,

AB=¢X 10"+ (p—q—r)10% +r.
BCRE FU 3 0 (0 4 Tk A %1 — (O R Y K

4 N=2,

T,=3T,-1,T,=1,

T,=3",N=2",log, N=n,

log, T,,=n log,3, T, =283 = N'&:3 |

5l 8-18 A=2348,B=13825,

a,=23,a,=48,b,=38,b,=25,

p="Ca,tay)(by+b,) =71 X63=4473,

gq=a,by =874 ,r=ay,b, =1200,

AB=8 740 000+ (4473 —874—1200) X 100+1200=8 740 000+ 239 900+ 1200 =
8 981 100,

Hi g X 10" Fl(p—q—r) X107 . Fel0" FFL0? , R ALIE

SFTFRFT R 22 —1 AN ZH R ZH.GECC2H™) A 20 R 2 A& A £ 5
CZAHREE o i FE M B A TRE&RIT N 28— 1, REAE GFC2) P Z T
AC) Fl BCo) Z B IR H AR 5 m® IRAE GF(2) B B Ry TT R A .

C(x)=A(x)B(x) . .deg(C(x))<2m—2. 5% A(x) . B(x) 53 NHi G W2 .

A(x)=2x7 (am_lxr%_l toeeetan )+ (ag_lxr%_l e tag ) =A,x?+A,,

B(x)=x% (b, a2 '+ +om )+ (!J%_lkr%_l +e+b,)=B,x? +B,,

FIH Karatsuba-Ofman B35 A 15 . SR EE =m"=® ,O(n%*) , o] WIFHE — & L AE m?
K — 10 BUAH 3Fe

(4) SRy A~

AceGF2")™) ,A#0,

Alr)=a, 2" '+ +taxrta,sa; EGF(2"),

K| H Fermat & .

AT =AAT TP =1,V AEGF((2")™)\ {0},

ATl=A"""2,

A=A TAT =2 =1 /(2" —1),

W Ar€eGF(2") .

S1itH AL,

S2 it AAT =A",

S3 KA,

S4 (A")TATI=AT1,
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= I Do = 2

oo =1 Oy N

=3+ 1+4, K=GF(23),
P=(0,2),:k 2P,3P,4P.
P=(13,12),2Kk 2P.,3P,4P.
P=(11,9).>K 2P,3P.4P,
P=(1,12),2K 2P.3P.,4P,

. P=(7,20),2K 2P,3P.4P,

PZ(?JI);:& 2P~3P~4PG

. P:(17-16)~}R 2P'3P'4PD
. Plz(O-QI)ng:(O-Q)-}R P1+qu
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9.1 mod n B E Bh 2k

EXI-1. BEpEn MEHNTF.H p>3.m B —BE .45 1.0, BIEERIAH
BHNS5 m R M o —x, ARG, 70 T8 m BRI B, 5E « =
2o (mod m) LA EXTPI NG IE ©, Al 20 25 H 1=, (mod m) & X 1o 25 [F) 4 =S HE & i
.

o] PUEBR A o —r b5 m B R 1A BUE WA A o — Y 38 2y O<a,<<m— 1,
{15

r1=x,(mod m) ,

1 o1, —= 7 ,(f:r m)—1,

a—bx,
D

bax;=a(mod m)

TEhym) =1 R ME—fif 2,

O=ax,<m— 1,

IAERs AR i RS TR i £k E.

EX 9-2: W P(xr,y)CE,EX

P(mod m) 4 (x(mod m) ., y(mod m))

P(mod m) A E(mod ») i [# i £& I 19 5 .

¥ 55 8 T e A A B il £ iy PE B X vTHE) 3 E C(mod m) b2k {H 2 & 1) B3 301 4R
PN mod m, LI 2 =2% +ax+0, o a b # ERF# B a(mod m) .b(mod m) + 431 () —
x) BN (oy — 2 ) AU 3,

E(mod m) EIE%5 ik i O(mod m) XMl th £k E b i iy 28R, Ho B3 H m 1Y
PSRRI

EE9-1. E. v"=2taxtb,a.b€ Z,ged(4a’® +270% . n)=1,

PP, 2 E F AP, F#P,. BRI EES n B RFTEEFZNME: AMAAER
Bop InfHi1E 4k E(mod p) | P, (mod p)fl P,(mod p)Z Mk E(mod p) R JLSF 5 15
O(mod p) . H E(mod p)J& GF (p) 38 gy R i 2 . OCmod p) A GF Cp) 3089 [7] il 2

IJ_UJ X1 A9 —

1 TE 55 3 5 CHIE 10 2 (s y) € B HABAR AN B p T T 1020
LEEHJ:‘I_"F* E: ‘}’ _.'I' +a.1'+z}$ Char(VJ)#za SEﬂ_ _16(4:{13 +27{32).} —
2
1728 — 24 Weiestrass & S i 28 2 27 52 19 24 FLAL S A=0,

4a® +27b°
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E WEHELRIEH Pr= (2153 Py = (254 y,) s Py + Py = (a5 5 y3) » BT AR 53
BRI n HZE.p en BWEKWF,.M P, (mod p)+ P, (mod p) Z0O(mod p), 4 x1FE
x, (mod p) M x1=ux,(mod p) W FFH I .

(1) x1Zx,(mod p), B P,#P, ¥z

_ 2 _
X3 — [MJ X T X2 s V3 — — V1 + ('}’2 Y1 )(.’I.'] A3 )

Ao T L T

2K P, (mod p)+ P, (mod p)#O(mod p) W7 .
(2) lfI'lE.I'g(mOd p)aiﬁ PIZPE iﬁ] Plipg Wﬂﬂﬁﬁn
% PlszaﬂU P1+Pz:2P1&ﬁ.Hﬂ‘

o 31"?—%&')2_ | - B.ﬁ—}—a) -
dy — ( 2y1 | 211&}12 — V1 + Zyl | (13 ,1’1) (B)

HAor B 2y, A p BRI ARDAE Pl Bat+a), X 2° +ax+b6 FI'E K 4L
AAFE S 2=x2 K 4a®* —276*Z0(mod p) .

(FE: HEABHE 8.2 1Hl, iEH T f()=2*+ax+0b.y =32"+a A IHLFMH
+ L, 270° +4a° =0) X Hl mod p KEMWWEREMFE., XHMUEH 1 P, (mod p) +
P, (mod p)#0(mod p).

KGR E x2=x2,(mod p)fH P, #P, . H 21715, % o=, + p'xsx 5B FI 4 T3
I p WHTF . r=1. Y5 P, +P, ARSI EEA T p BN 1 Bk

a2 -
XT3 = (}’2 1 ) — X, Xgey3 —— Yy, + (}’2 y‘l )(5{'1 — x3) (A)

X — X1
By, —yr = p"y WIR AT X HLUER] T
}’zE,}’l(mOd P)ﬂ P, (mod p):Pg(mOd p)

b3 —J7 1A
v =(x, tp ) talx, +px)tb=ai+3xip’a+3x,p7 2+ p>x® tax, tap’x+b
=xi+3prirtaxrtap x+b(mod p~™)
=2 +ax, Fo+px (325 +a)(mod p™h)
=yi+px (32" +a)(mod p™™")
T P,#P, . H r,=x,(mod p) .y =y, (mod p) ., LA
P,(mod p)+ P;(mod p)=2P,(mod p)
2P, (mod p) A O(mod p) M FREFZM 2 vi=y,=0(mod p) , XA .
(vi— v =C(y,—y) (v, +y )BT R p 1 BRS, T2
3xi+a=0(mod p)
XAEANAHERY . A 2° +ax+b(mod p) WA BT X HUEH] T LB KA.
FEERIE RE n B ZENT p A P, (mod p)—P,(mod p)#0(mod p). iF
W P, +P, Ribrn b5 o BR W2 ENTRIR 0 BB 2 AR p BRI
(1) #7 22 Z 2 (mod p) JHEHE P(mod m) L (x(mod m) s y(mod m)) A Hl x5 . vs B4
BEAHE p BRI, X2 2 [ SR AT .
(2) # x,=x,(mod p),H v =2>+ax+b.il y,=y, (mod p) .,
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{1 P, (mod p)+P,(mod p)#0(mod p) .
v, =y, Z0(mod p)
£ x1=x;(mod p),y1=y,(mod p) BRI F ., AMF A HE: P, =P, 5l P,7P,.
#i Py=P, P, + P, =2P, A (A X BEALFAE p BT,
#r P\#AP, % vo=x,tpxo=1,2 WitEARE p WK T,

2_ 2
FIrUL 2 — 2, =p"x ayz 24 =321 +almod p),

Ao T

iy, + vy, =2y, (mod p).

(yﬁf)_(i_l_l):jz:i My B R AETE p 19T T AT (A Y 53 BER 2 7E p
N7 g2 P, + P, WARTRI AT p WIHF . UERE.

EX 9-3:. /HE—BH n, BHR—FE p.fF pln, 1<p<n,

(1) FEPLAENHFRIZ E: v =2°+ax+b X E F—5 P(x,y),

Jr LT — 0 PCeoy) BB a b=y — 2 —ax K 44° +276* =07 LU
{RAE 2° fFaxrto=0 BWHER . 4a° +270° =0 Mk 2 « EE VL AT,

(2) AR BRI C.iHHA

k= Hp‘:up?f = C,Vp,<B

p,<B

(3) iT%: }CP(de ??)&*Eﬂ%i}ﬁ(A)\(B)aig %ﬂ V3 H{J%M%%‘Hﬂ VAL TV i | ﬁ 2y1y}k
(2 =) M 2y, (mod 2) B30 I 5 & Az IROE L TE I U B 70 BE 5 A o O 5L — D8 B2 oK B
Hln (e R AMAE A T ERE 9-1 vl Hl Py + Py, WAASREAE n BN p 501, 2
HAL

P, (mod p)+ P, (mod p)=0(mod p),p|n
s 45 Lenstra k. W n 2
S1 7E 1~n [BIFEVLIEH 2, .y, .0,
S2 B E: yy=x"t+batc,
P=(x,,yi) €EE, HH c=yi—a2}—bax,
S3 3 d=ged(40® +27a% sn) A5 d=n, WHE ST, HATEFE 0. %7 d & 1~n A EL,
=& n M IRZEL.
S4 BEHE kRN R B R A HEFR L il an
EF=lem{1.2.,%,h}

S6 15 g=ged(dy ) A7 1<<g<<n, W g & n FIENKTF.

rg=1.00d, flln HZ W S4 35 kWA LI ST 3EFEFIMEMZL. & g=n,
M5 S4B A% k.

e P 3 BT AF e — A by (843 A P (mod p) =OC(mod p), Wk JE b K
P(mod p) & By sy A58, 721 H A G FE oK mod n Koo B a9 i B L A LASK n FLo3 BE 19 e KA
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NZ. X R A NEERAESZE n A B, — R U2 n BINZ Fr DAAE TR AP (mod n)
N, X5 — pln.k 52 P (mod n) B Pt , I3RS — 1> n B9 K+,

BRI E M P OAS s D s L 45— 21 E O U L H O S 22 IRER R IR A AN K

2k th o B PS40 B A C B A C K (754 £P (mod ) —0(mod p) B
D) | I N TR R NI R EIRIER: 5 S

Bl 9-1  »n="5429 LA HIAHG 8] fth 2 Xt n 247 K207 i

W B=3,C=92,E. y"=x*+2x—2,P=(1,1),2P=(&.m).

ot P ST TR y=mx+0b.

”1:31'2+2 5 ,_4_5__3
2}’ (1.1) 2 ’ 2 2
_ 5 (12 )=> 3
V= 2‘1+(1 5 TR

n Ve = X T T TS 8 R
17 73
ZP—(4g 8]

@%Eu(mod 5429) ,4u=17(mod 5429),

u=4076 (mod 5429),

— B =4 (mod 5429) .8v=—73(mod 5429) .v=23 843 (mod 5429).

8
MR T LI LA A B HA 2P (mod 5429)

2 g 2
uE(%] —2:(%) —2(mod 5429)

%iﬂﬁ%ﬁ% 2= (mod 5429).2"" (mod 5429)=2715.
W= (2715X5)2 —2= (2717)? —2=4078 (mod 5429) ,

v :—1+[%)X [_Tlgj:—1+(2715><5)X(—13><4072)

=—1+4(2717) X (1354) X (mod 5429) =3884(mod 5429) ,
47" (mod 5429) =4072.
5429=1357 X441,
1=5429—1357 X4,
47'=—1357=4072,
BT 4P (mod 5429) .4 22 P(mod 5429) = (uy sv,)

(3 X 4076 + 2
“e 6788

2
J — 8152(mod 5429)
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_ (134942
1339

13397 = 2826 (mod 5429).
u, = (1551 X 2826)* — 2723 (mod 5429)
= (1923)* — 2723(mod 5429) = 780 — 2723(mod 5429)
—=—1943(mod 5429) = 3486(mod 5429)

2
j — 2723 (mod 5429)

v, =— 3384 + (1551 X 2826) X (4076 — 3486) — 2723(mod 5429)

=— 3384 4+ 1923 X 590(mod 5429)
—=— 3384 + 5338(mod 5429)
= 1954 (mod 5429)
4P(mod 5429) =(3486.1954),
WA R34 293FP (mod 5429)
M a=6,.0=2 BT KI 1S 5429 A AINEL 61,5429=61 %89,
B 9-2 »n=1715761513.
pL715761512—=93 )82 891mod 1 715 761 513,
2 Fermat M, 2" 'Z1mod n, 0] WA ZZ%1.
V1715 761 5133242 422 Al n H/NT 42 422 I EEN T ».
wE, yy=2+2r—9,P=(2,1)EE,
kN

lem{1,2,3,-,117} =12 252 240
k=12 252 240=C(101 110 101 111 110 001 010 000),
=2 +2° 2 2 20 21 20 21 4210 4270 -2 2%,
13 EP(mod n)

P=(2,1),

dy . @:31‘2+1 13
2:}’? dI 3.&{ +1*CLT 2\}' (2,1) 2 '
(2,1 MBI

y—lz%(x—Z) gy:12—3(.1'—2)+1&

2 2
3169 , 143 - 121
a T +[ 5 —i—lj [9+ 1 0.

fH 1=1 715761 513—4(428 940 378),
4(—428 940 378)=1(mod n) ,
4 1'=—428 940 378=1 286 821 135(mod 1 715 761 513).,
[ FR 271=857 880 756=85 788 075(mod 1 715 761 513) .
W2, D SRS E F (& s
2.5+ &= 1286821135 X 169,6 — 217 472 771 815 — 4
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B2 a0 B AL A

il

£= 217472771 811 = 1286 821 173mod(1 715 761 513)
p = 1672350 709
2P = (12866 821 173,1 672 350 709)
7] B ] 45
22P= (1334 478 523,112 522 703)
28 P=1(9 127 789 305,77 695 868)
2 P= (385 062 894,618 628 731)
2° P= (866 358 838,450 284 374)
2°P=(904 716 938,169 383 608)
2" P=(808 694 4771 201 030 016)
28 P=(572 301 268,107 111 567)
2° P=(1512 647 092,1 695 275 444)
21°P=(1858 186,1 224 662 922)
2" P= (1550 404 618,825 515 387)
22 P=(1519 325 194,16 574 978 846)
218 P=(522 917 322,524 407 354)
214 P=(25 207 285,1 375 034 461)
215 P=(781 360 494,1 457 273 929)
219 P=(1108 412 304,25 813 532)
27 P= (435914 774,323 718 902)
218 P=(1399 483 199,1 203 811 423)
219 P=(778 823 593,192 206 539)
2% P=(853 199 887,1 012 680 972)
22 P=(501 929 966,910 060 788)
222 P=(1315 182 921,305 331 854)
2% P=(257 200 250,318 342 966)
2% P=(385 062 894,618 628 731)
2'P+2°P=16P+64P=80P
i (385 062 894,618 628 731) FI(904 716 938.1 693 830) 5| B4k y=ma+b,

_ 618628 731 — 169 383 608 449 245 123
385 062 894 — 904 716 938 519 654 044

449 245 123
019 654 044

172 987 627 177 765 962
019 654 044

172 987 627 177 765 962 = 884 611 387(mod 1 715761 513)

884 611 387
519 654 044°

{1 ged(884 611 387,519 654 044) =1,%

n

b= y—mx = 618 628 731 — X 385 062 894

= 618 628 731 —

Rl b=618 628 731 —
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884 611 387 _
519 654 044

2k 519 654 0447 (mod n).
n=519 654 044" X884 611 387
b=0618 628 731 —n
= v=mx+b 3 E T (a ;,8),_')1']
a+385 062 894+9 047 169+ 38=3m*b
S;=(2'"+2°)P=80P=(a,—
S; =2 +2°)P=80P=(831572 269,1 524 749 603)
AR RVE N
S, =S, +2"P=1104P=(1 372980 126,1 361 189 875)
S, =S;+2¥P=5200P=(303639 172,374 618 943)
S;=S,+2¥P=13392P=1(243 887 465,4 582 074)
Se=S;+2"P=29 776 P=1(317 266 292,18 428 261)
S;=8s+2¥"P=62544P=(425 351 528,95 871 325)
Ss=S; +2"P=193 616 P=(845 805 016,877 478 209)
Se=Ss +2"P=717 904P=(1 070 680 397,744 910 034)
S10=S,+2*P=1766 480P= (543 241 897,1 394 639 550)
Sii=85,,+2P=3863632P=(331 651 823,1 280 931 959)
S =S, +22P=12 252 240P= (421 401 044,664 333 727)
kP=12 252 240P= (421 401 044,664 333 727)(mod 1 715 761 513)
WX n B9 R FERAEME R .0=3,4,,253 ERARA AT 4
b=254 B} ,E: y*=a*+2542—515
(24 +2° 2% 4 vee + 270 4 28)P = 3863 632P
= (390 104 967,128 395 638) (mod n)
22 P = (520 835552,974 225 979) (mod n)

n

KT RE AP, AR (390 104 967,128 395 638) F1(520 835 552,974 225 979) 1Y E Lk Fl E

390 104 967—520 835 552=—130 730 585=1 585 030 928(mod n) ,
ged(1 585030 928,1 715761 513) =26 927,

n=1715761513)=26 927 X63 719,

1 585030 928 =26 927 X 58 864,

9.2 EHiEmW4hFE

6 1530 fil 2 0 it DR RGO R I 7E ELE,,va 0 € E,, b S IR i Abel B, nfaf 8 &

ERY T 2 A AT ()RR A fife 2R, £ 700k A — 28 2 R R N T
B n=44 023, fHLIEE a.b,
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y*=x"+ax+b(mod n)
Wa=13,X=(x,y)=1(23482,9274),
b=v*— x> —ax(mod n) =21 375,
A X, =i X=(x;.v:).i=1.2,--HF| X,(mod p)+& 0.
X, =X.,X,=2X,,
3x1ta
2\})1
2,=m*—2x,(mod n)=18 935, y,=m(x, —x,) — vy, (mod n)=21 838,
Xy=3+X,=(2+ X,)+X,. 6% 2X,,
3x; T a
2\}"2
22X, =(x.y),
x=m’—2x,(mod n) =26 093, y=m(x; —x) — v, (mod n) =7008,
(rsy)+X;,

(mod n) =31 095,

n —

(mod n) =41 645,

n —

m =22 Y (mod n)=5816,
XTo X

rs=m’—x—x,(mod n) =15 187,
ys=m(x—x;) —y(mod n) =29 168,
C A 45

=1 X,=(23482,9274),

=2 X,=(18935.,21 838),
=3 X;=(15187,29 168),
=4  X,=(10532,5412),
Xs=5+ X, =202X,)))+X,,
2X,=10(30373.,40 140),
2(2X,)=1(27 556,42 335),

i 202X )+ X, .

_ 423355412 .
M o7 556—10 532 oG

fH 27 556—10 532=17 024 ,mod n AFEFEW ,

gcd(17 024,n)=133,

n=—133 X331,

ST i 1 25 1] -

2> n=2327773,m=726,

n 1) J7 MBI 1) R %K
2+3+547,11,13.17,19,23,29,31,37.41,43,47.,53,59,61.,67,
{H n & F 75 % 42 »mod .

3,7,11,13,17,41,53,61,67,
B={—1,2,3,7,11,13,17,41,53,61,67},
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A A=X+m,

X={0,+1,—1,+2,—2,},
m?—n=527076—527 773=—697=—1X17 X 41,
(m+1)2—n=2*X3* X7,
(m—1)*—n=—1X22X3X179,
(m+2)—n=—1X3X11X109.

(m+7)2—n=22X3X13X61,
(m—T7)2—n=—1X22X3X17X53,

(m+20)2—n=3X11X13X67,
(m+24)2—n=7X11% X141,
(m—24) —n=—1 X112 X17*, 258 ). Z& 9-1,

%% 9-1 Lenstra 1
X m+x (m+x)*—n A Eh [1] HE
0 726 — 697 —1X17X41 (1,0.0,0,0,0,1,1,0,0.,0)
1 727 756 2° X3 X7 (0,2.3.1.0,0,0.,0.0.,0.0)
2 728 2211 3X11X67 (0,0.1.0,1.0,0.0.0.,0.1)
5 731 6588 2° X 3* X61 (0,2,3.,0,0,0,0,0,0,1,0)
7 733 9516 22 X3X13X61 (0,2,1,0,0,1,0,0,0,1.0)
— 7 719 —10 812 —1X 2% X3X17X53 (1.2,1,0,0,0,1.,0.1,0.0)
10 736 13923 32 XTX13X17 (0,0,2,1,0,1,1,0,0,0,0)
—13 713 —19 404 —1 X 27 X 3% X 7% X11 (1.2.2.2.,1.0,0.0.0.0.0)
17 743 24 276 28 X3 XTX17? (0,2,1.1,0,0,2.0.0.,0.0)
—17 709 —25 092 —1X 2% X 3% X17 X 41 (1.2,2,0,0,0,1.1.0,0.0)
20 748 28 743 3X11X13X67 (0.,0.1.0,1.1,0.0.0.,0.1)
24 750 34 727 7X11% X41 (0,0,0,1.2,0,0,1,0,0,0)
— 24 702 — 34 969 —1X11% X17° (1.0.0.0,2,0,2.0.0,0.0)

X=1fMX=17f .

727 X743*=3*X17"*(mod n) .
727* X743* X (mod n)=223 754,
3X17 'mod n=186 273,

527 773=31 045 X17-+8,
17=2X8+1,

1=17—2X8=17—2X (527 773—31 045X 17)=61 091 X17—2n,
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17 ' (mod n)=62 091.

727X 74371 X (mod n) =223 754,
3X17 ' (mod n)=186 273,

223 754—186 273=237 481,

gcd (37 481,n)=1013.,

FIT LA 527 773=1013 X521,

1. n=382 123, Lenstra 5/ X %L .
2. 2°2 41 i H WA B o i
3. 2%+ 1 W H A [F] 7 2 I B o it



AT 18 1 N AR A b5 R AT OC A Ky Il 5l 5 IR 2 O 1 B
4, BUTEARZETTIC 7 — R {5 Eg 4l , i) dn T8 g iy R R AL L T LR LY
BE AL R ARl F . MESR 2 2 BIREALA IR A T30, (22 R A A iR . X ol 2 i it o5 —
A1) G B {00 Z RE Y IE A, 5 A 2 g i, 2 AL 0 02 — R g )

A2 B R BCE AR S il A 2 01 A S R R IEZ B FEL T 0 22 1.1 22

0.0 H 072 1 F1 1748 0 AR —FE Ry X FR AR IE AR Y — ot I p

XF A I AN 10-1 Bk 078 1.1 75 0 WM AN o Ak , ’

5 L2 1— p. ,
A R R T R (5 3 5 i ——

For 7 A = o A AT D U A K S 21 . R e g ”

[ BT — A o 2280 SR BB /0 B B A 22 % 0 JE ) 7 ke e 4 T 1071 O A
RG] AR — A 0, T =58 000, 25 H— A B T B i
001,010,100, LB HY =R A BHIK & 000, —K A 010, 5% 0 ZbFH AR 445 52t PR X4 Y 10 %6

N pPP<p.
B 10-1  —JuXFFR(5E . B A AR p=0. 001, 2 R E#E =Ry 7 2 . oK A% fy 45
14 256

AR Al U A 1 A

(;)XO 001* X (1—0. 001)—3><(

1

B 1
10] X0, 999 =2. 997 X —=5<20. 000 003

AR AL = R I RS O HE R 2 (0. 001)°? :ﬁ » PRI 3% A% = 3k 1 4TS R 2 A A% O E SR T B
FI| A /£ 0,000 003,

10.2 Hamming 25

nYE 0.1 [t X = (21,202, s0, )0, € {0,1},i=1,2,,n, HPAEETENEH
w(X) R ARE PN X AL B X=0010101, 0] w(X) =3,

EX 10-1: I n4E 0.1 M X=(x1+22+° 22, )Y = (V122" s V0 ) »

% d(X,Y)=w(XDY)=(x,Dy) + (x;Dy,) + -+ (2, Dy,)

HHPOE mod 2 19N, 000=0,1D0=0D1=1,1H1=0,
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—
i}

5 R F AR A

fFln X=(010100).Y=(110010),
d(X,Y)=w(100110)=3,

X MY 1) Hamming Fp A W0 FJLPEE .

(1) d(X.Y)=0,0l]| X=Y_

(2) d(X.Y)=d(Y.X).

(3) d( X, Y)<d(X.Z)+d(Z.Y).
(1)@(2)Wﬁﬁﬁmﬁﬁﬁ%)¢ﬁﬁ PRI (3) B = fJE 1 P 2 F1R F 55 T 5 =

W & Hamming B &, Fr DLk 5 m DLIE M, & X = (& earze”'el'ﬂ)f Y =
(yl s Vo e®*® !yn) ;Z: (Zl % B TR e ) -;Z{":'T .I';i:s:; -,yi-izi- g)”.lj J';i‘}’f . Euq ﬁﬁ,’?ﬁIﬂ&’lﬁﬁ(g)
A MEFR A 1
10.3 7% ¥
S 00 AL S FR AN 1 10-2 T,
il e el e e e e e KT
B 10-2 4T 14 i ik A
Feln 3 A7 0915 BV XN — 6 LS F I 4t C Ik 10-1 iR,
xR 10-1 %A C
S < N 2 ) e A B F i L
000 000000 100 100011
001 001110 101 101101
010 010101 110 110110
011 011011 111 111000
000 1= B . 2400 5 1F W45 3£ 2 000000, 5 H1 4 001000, i85 | %4 X il 57,
ERE R B T AR F RN N2 B EAAEA RS, bR/ da,
il%ﬂ_:‘;&t!l] dmin: m {d(i;!l’. }}
7 10-2 TJExEllr j— 15 1 P A - 1) Hamming #0555 .
£ 10-2 (X.Y)XMMFE
X
000000 001110 010101 011011 100011 101101 110110 111000
Y
000000 — 3 3 4 3 4 4 3
001110 3 — 4 3 4 3 3 4
010101 3 4 — 3 4 3 3 4
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X
000000 001110 010101 011011 100011 101101 110110 111000

Y

011011 4 3 3 — 3 4 4 4
100011 3 4 4 3 — 3 3 4
101101 4 3 3 4 3 — 4 3
110110 4 3 3 4 3 4 — 3
111000 3 4 4 4 4 3 3 —

EIE 10-1: %t C HEW dun=d WHER N d —1 P28/ T d—1 ARV 5S .

iE rigfere i d — 1 R R IR AL M AR I I T d— 1 AR RO A BE
JEE k. Z o ige v R B N HES R A A B, R B2 R 7 — A, A
AT R A, UANREWTE IEM N 24, REEIRZIE R E A .

K R gty C ) e R R 0 d AT — 52 BN T 8055 T d— 1A T30 A o] BB A 1R
B Z N 77— A SRS, I DL DR BE Bl RS A Ok, G 2R RS AN B AL
ik B d AL, A AT RERE Bl A ol R S L R R I T vk A Ok

EIE 10-2: 4ifd C 1Y dum =20+ 1. EEL TE ¢ 157 15 1R

iE WERBHEHOBETE. HKRIEF R.A(Z.R)<t. WAFHEBEFE Y. fH d=
(Y, R)<t, &N

d(Z,Y)<<d(Z.R)+d(R.Y)<t+1=2<2t+1

HEMIRIE dpe =2t 1 T JE .

PEAS Y S D0 f AV AR " HE N L R ER WSS 22 CHE 40 Y) 1Y Hamming B 25 7 3T, 5 135 W
MY {8k 25,

10.4 & B9 8 &

i ML 2514 B AR5 52 B B AN E T B A A SRR X AN i E A Y — R AL AR
/N AN B P B R R S T 1 D e MR R RIS SR SR LR 0 A AT RE A

A RIS HE B RAE BE R E R, B A 2 5 S e MR R (S B
Kk EEFAEEZLAE R ERGFREESFTE, Vg N KEMNR TR,
R — R i, BERAEMDH AR inE A N R RE LA Iy, %
BE 2| V2 NBY A O i A — i .

MEM LB b ADERER IR BE £ 38 K H AN & bl 2 38 K e=1 B 8 P
FH A EEERSERE LRI RN B, (1) =04 br<by JU FCRD)<f(ky),

AR ANEMRFN.B AR MRS A SBJAANB A e A5
R, A EEB T A BB F(hk)=>F(h), fChk)=> f(k) .,

R RS AU f(hh)=f(h)+ (R E f(k)=logk=—log %




e 146 - R LTAN B FER

it

PLJE ASF ] 3 BT BCAR LA 2 R Jie s B B B O — A PR RR 67 3 2 T 1 S ME 38 Y =R
F H AT E 8 — DA Her,
logg..ar.'

SR log WA LALL e Mk A2 nat IR A5 log,x = log,a
b

W F S — R R A=A LA A H A MR R
pfaf-=1a2e----m-fp1+pz+-'-+pnzlg i X T(A) = —logp; YERXTA, 5B i R &
2 H(A)=—pilogp, — p.logp, — = — p,logp, . TENFIF A B, HIDKEE & A A E
P H (AR R A A EMEBo , m HonT W H (A SEFR ER &3 A, 196 B
H (A) 19 YAE  sl080 19) B2 1

B 10-2 AH—FHEE 20 ER,H A EABR 10 4,208k 5 4, BER 5 A4, AR TP AT B — K

PERTEAF AL ELBR 205K BRI BERIKK R pr = po = po =1

Jnat=1. 44 b4,

1 1 1 11 1 1 1
I_" —_—  — _ _ - = — !ib
N H(A) 5 log 5 —log == -log --=—-log2 +—-logd = 1.5 LL%s.

Bl 10-3 P —i A 6 FORE, mHEVSHEAERBEM AN HCA) = logh =
2. 5850 b4 .

PP 36 REAERNA: M2 1M, 8283 1A 2 Fh M 4 A 3 Fh,
M SEAE 4R M6 B9AF SR HZE 7 BA 6 B,y 8 BYA 5 A, FJy o iU 4 L F1
NI10HA 3™ AN 1T A 2788 12898 1 #.

H(A) = 5 < log g — 56 X log 3 — 5 X log 5 — 3 X log 3¢
:3_62><1 316 %X[1+10g36] x[log3+log36] %X[ZJrlog%]
:(_326_346_366 386JX10g316 [346+366 " 56 )
:_Z_igﬁ_gxlﬂg%_4+612%3+16 _3§0X1g316 4O+36610g33
= 3.2744 LLFF

A LKW % A B PR T3 — e i A i e vk

B 10-4  XFEEHHEAT T 15 4ERYIES R 6 H Oy T W AIHER N 0. 4. 85 R HE R Ny
0.6;10 Hfy FHIAHERE N 0. 65, THMMER 0. 15, B KHEE R 0. 2, 730 5 K EA
A 005

4 AR 6 A0y RARN B S 10 A A iR ACRAL .

H(A)=—0. 4log0. 4—0. 6log0. 620. 9694

H(B)=—0. 5log0.5—0. 1log0. 1—0. 2log0. 2=1. 2772
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